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Abstract

In this paper, we present a general selection–mutation model of evolution on a one-dimensional con-

tinuous fitness space. The formulation of our model includes both the classical diffusion approach to

mutation process as well as an alternative approach based on an integral operator with a mutation kernel.

We show that both approaches produce fundamentally equivalent results. To illustrate the suitability of our

model, we focus its analytical study into its application to recent experimental studies of in vitro viral

evolution. More specifically, these experiments were designed to test previous theoretical predictions re-

garding the effects of multiple infection dynamics (i.e., coinfection and superinfection) on the virulence of

evolving viral populations. The results of these experiments, however, did not match with previous theory.
By contrast, the model we present here helps to understand the underlying viral dynamics on these ex-

periments and makes new testable predictions about the role of parameters such the time between suc-

cessive infections and the growth rates of resident and invading populations.
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1. Introduction

RNA viruses, due to their intrinsic simplicity and adaptability, offer a unique opportunity for
exploring long-term evolutionary dynamics [1]. It is possible that RNA genomes were the first life
forms and constituted the first biosphere, later supplanted by the more stable DNA genomes. But
RNA genomes have persisted as molecular parasites in cells with DNA genomes and they are
nature�s closest counterparts of early molecular replicators [2,3]. It is perhaps not surprising that,
due to their simplicity, they have been amenable to useful theoretical modeling [4,5]. Their success
can be understood in terms of both their simplicity and their enormous plasticity and adaptability
to changing environments.
Such plasticity stems, to a large extent, from the high mutation rates operating during RNA

genome synthesis and rapid replication. These two influences lead to an extremely heterogeneous
population structure termed molecular quasispecies [2,6–12]. The quasispecies structure has nu-
merous implications for the biology of RNA viruses. The most obvious one for viral pathogenesis
is that mutant swarms contain revervoirs of variants with potentially useful phenotypes in the face
of environmental change [13].
The dynamics of the viral population can be visualized as a dynamical process of growth,

competition and selection which takes place in the sequence space. The fitness landscape (an idea
first introduced by Sewall Wright and later extended by several authors, see [14,15]) is defined in
terms of some particular traits which are implicit in the virus particle phenotype and are usually
described in terms of replication rate or infectivity.
One of the most interesting aspects of virus evolution is related to the different pathways of

host-pathogen interactions that can occur. One specially important aspect is the outcome of
multiple infections, in terms of the final fitness displayed by selected viral populations. In this
context, mathematical and computer models can be extremely helpful in providing reasonable
forecasts on how viral infections unfold, in particular when several strains of a given virus
compete for a given population of hosts. In this context, recent experimental [16,17] and theo-
retical [18] studies have shown that long-term competition among different RNA strains of the
vesicular stomatitis virus (VSV) can promote red Queen dynamics (RQD, see [19]). Under RQD
both strains improve their fitness relative to their ancestors but with no relative gain between
them. They thus coexist along their evolution in cell cultures but this coexistence ends eventually
as a consequence of competitive exclusion. These and other experiments have been successfully
interpreted by using one-dimensional fitness landscapes in which the only variable under con-
sideration was replication rate [18,20]. In spite of the oversimplification implicit in such choice and
the known fact that RNA viruses have multipeaked, rugged fitness landscapes [14,21,22] the
success of these models suggests that an important part of the whole picture can be compressed
into selection and mutation dynamics on a replication landscape.
Although most of the studies on the evolution of virulence are restricted to scenarios in which a

host or populations of hosts are infected by a single strain of the virus, multiple infections are
more likely to occur under a wide range of circumstances. The simplest case (hereafter simple
infection) has a predictable outcome: if each host is infected by a single strain, the one with highest
reproductive rate will eventually take over through competitive exclusion. But if multiple rounds
of infection are allowed, then the final outcome is far less simple.
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Two pathways of multiple infection can be defined: coinfection and superinfection. In the
first case, several strains invade the host simultaneously. In the second, different strains infect
at different times. During natural virus outbreaks, the infection of available hosts can occur in
three ways. At the beginning of the epidemic, when the density of available hosts is high but
viral density is still low, a host would usually be infected by a single variant at a time.
However, as the epidemic progresses, more and more hosts become infected and the density of
virus in the population increases as well. Consequently, the probability of a newly released
virus infecting an empty host would decrease as a function of time, and hosts would be
simultaneously infected by more than one viral strain. Depending on the exact moment at
with different strains meet inside the host, coinfection [23] or superinfection [24] will take
place.
Since the two possibilities might lead to different final virulences, it is important to know which

of the three possible infection scenarios might generate the more virulent strains. In this context,
theoretical models can help to provide some clues. The evolutionary dynamics of coinfection and
superinfection have been theoretically explored under a number of assumptions [23–26]. Using a
weak form of interaction within hosts, May and Nowak [23] found that coinfection can support a
highly diverse population of different strains closely clustered around the maximum virulence
level. For superinfection, Nowak and May [24] assumed a competitive hierarchy among parasites.
Under this assumption a new, more virulent strain can take over a host that is already infected by
a less virulent strain. As a consequence, multiply-infected hosts would transmit only the most
virulent of the strains they harbour. These models of superinfection have been used as a powerful
framework to explore other related problems, such as the evolution of diversity in the context of
metapopulation dynamics [23].
These models also allow to provide some predictions concerning the evolution of diversity

(measured in terms of the number of strains present). But on the other hand the superinfection
model does not strictly include the time separation between different infecting strains. It is actually
a meta-model of the real process, in which infection occurs when the resident population has
already exploited some amount of resources. Using ideas borrowed from community assembly
theory [27,28] in which infection by a virus strain would map into invasion by a new species from
a regional pool, it can be shown that competitive displacement might fail to occur depending upon
the current species composition. In this context, as far as the ecological mapping is valid, the
success of a new strain might be jeopardized by the structure of the resident community, inde-
pendently of the virulence of the invader [29]. In this paper we further explore a recent set of
experiments involving the three types of infection dynamics [30] in which some of these pheno-
mena seem to be at play.
Precisely, we present a class of general mutation-selection models useful to describe the

interaction between viral populations. In these models, mutation can be incorporated in two
different ways: as a diffusion process in fitness space, by means of a Laplacian operator, or
by means of an integral operator with a dispersal (or mutation) kernel. We will demon-
strate that these two modeling alternatives, although having different assumptions on the
mutation process, drive to almost identical conclusions. The mathematical description of
coinfection and superinfection dynamics are treated as particular cases of these general
models.
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2. Multiple infection dynamics in VSV populations

In a recent paper [30], Miralles et al. presented a detailed analysis of an in vitro evolution
experiment with vesicular stomatitis virus (VSV) in which the three different types of infection
were used. Experimental populations were allowed to grow and compete (Fig. 1) under conditions
that simulated single infections, coinfections and superinfections. After 100 generations of evo-
lution, the average fitness of each population was measured by means of standard competition
assays [31] against a reference strain. This reference strains and the clone used to initiate the
evolution lines only differed in a single neutral amino acid replacement at the surface glycoprotein,
hence, they had a relative fitness, expressed as a ratio between growth rate parameters, of 1.
Miralles et al. simulated different types of multiple infections in the laboratory. Multicellular

host were simulated by a cell culture flask containing several million mammalian cells. The ex-
periment was initiated by infecting the first set of flasks with a certain amount of a VSV MARM
clone. After 24 h, cells were completely killed and viral progeny harvested. Approximately
1.5� 105 viruses from the progeny were used to infect next-day hosts. For the case of single in-
fection, next-day hosts were infected with virus from a single host (Fig. 1(A)). In the case of
multiple infections, next-day hosts were infected with virus from two different sources at different
frequencies (Fig. 1(B)). For coinfection both viruses were added at the same moment, whereas for
superinfection, next-day flasks were infected with virus from only one flask and after several hours
virus from a different flask was added at the convinient proportion (Fig. 1(B)). This daily protocol
was repeated during 25 days. Two different frequencies of multiple infection were simulated, 5%
and 50% (for details on the design, see [30]).
Experimental results in [30] show that infection passages with coinfection increased fitness

compared with the single infection case (Fig. 2). The magnitude of the increase was proportional to
the frequency of the added virus. In contrast, passages with superinfection did not generate in-
creases in fitness larger than those obtained under single-infection regimes (Fig. 2). Similarly, an
increased virulence during coinfections, and a lack of significant effect for superinfection, have been
observed with other viruses. Alonso et al. [32] observed that when hematopoietic necrosis (IHNV)
and pancreatic necrosis (IPNV) viruses coinfected a cell culture, the former had a lower growth rate
and was systematically displaced by IPNV. By contrast, if cells were infected with IHNV and later

Fig. 1. Schematic representation of the experimental protocol designed in [30] to test for the effect of multiple infec-

tions. Panel A represents the daily transfers done according with a single-infection case. Panel B represents the multiple-

infection case (coinfection or superinfection). For details, see main text and [30].
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superinfected with IPNV, IHNV productivity was not affected by IPNV. Another example can be
found in nuclear polyhedrosis viruses (NPV) [33]. When cells were coinfected with two different
variants of NPV, the replication of one of them was completely inhibited by the other. In contrast,
if the cells were already infected with the first, superinfection with the second did not produce
inhibition, regardless of the exact moment in which superinfection occurred. Finally, it has been
recently reported that coinfection with two different groups of the human immunodeficiency virus
type 1 (HIV-1) subtype B resulted in an increased virulence of both of them, characterized by more
production of viral particles and by the induction of massive apoptosis/cell killing in PBMC cul-
tures that were not affected in such way when infected individually with either group [34]. This
synergism arose as a consequence of using different co-receptors for cell entry.
Using simple arguments from a Lotka–Volterra model of two-species competition, it was

conjectured that a plausible explanation for these results (in particular for the unexpected low
fitness observed in the superinfection case) was the numerical superiority of the resident popu-
lation. Once the resident takes some advantage, it might be difficult for the invader to be able to
change the course of events. This is specially clear if the rate of generation of new beneficial
mutants is not fast enough so that actually the ecological dynamics of competition play a leading
role within passages. In theoretical terms, once the population is deep enough into one of the
basins of attraction the entrance of a new small population will not modify the final outcome. In
this way, simple infection and superinfection are not so different under the present conditions.
A diffusion approximation derived from Lotka–Volterra competition model was proposed in

order to explain the reported experimental results. This model is an extension of a fitness-space
model presented in [20] for RNA virus evolution. In this sort of model, each viral strain is
characterized by a value in a finite one-dimensional discretized fitness space. The population of
RNA viruses, indicated by P fnðr; tÞ, evolves on a one-dimensional discretized fitness space where
the fitness increases linearly, i.e. ri ¼ ai, ði ¼ 1; . . . ;NcÞ. Here ri indicates replication rate (here
discretized in Nc classes), n ¼ 1; . . . ; np is the passage number and �f� is the flask.
The basic dynamics (assuming that the carrying capacity is normalized) was described by the

following set of equations:

Fig. 2. Overview of the experimental results reported in [30]. The horizontal bands represent the mean (� standard
error) for the fitness estimates obtained for the case of single infection (n ¼ 20 replicates). Open circles correspond with
a 50% frequency of multiple infection, whereas solid circles correspond with a 5% frequency. Significant differences were

obtained for coinfection but not for superinfections.
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dP fnðri; tÞ
dt

¼ riP fnðri; tÞ 1

 
� P fnðri; tÞ �
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bijP
f
nðrj; tÞ

!
þ l P fnðriþ1; tÞ
�

þ P fnðri�1; tÞ � 2P fnðri; tÞ
�

which are a discretized version of Fisher�s diffusion model [35]. Here the competition coefficients
[18] are bij ¼ 1=bji ¼ rj=ri. The last term is nothing but the diffusion in fitness space due to by
mutation (at a rate l). Although an additional drift term would be added to the model, it has been
shown that is relatively unimportant for the qualitative features of the fitness dynamics for the
VSV experiments [20]. All flasks started with an initial population P f0ðri; 0Þ ¼ P0. The same size P0
is used at the beginning of each passage.
These equations describe the intra-passage dynamics. At the end of each passage (i.e. at a given

step T once
P

j P
f
nðrj; T Þ ¼ 1, time in arbitrary units) a stochastic sampling of the final distribution

is performed. The number of flasks and replicas is the same as in the experimental setup. The new
initial condition (with different frequencies of multiple infection) applied to the nþ 1 passage is
defined differently under each scenario [30]. The results of these numerical experiments supported
the idea that the basic mechanism at work is the competition of strains in fitness space plus the
founder effects introduced by initial conditions in the superinfection case. The relative differences
between the three types of infection mechanisms are not affected by changes of the parameters
used (as far as they remain biologically sensible).
These results were based on computer simulations of the diffusion model, but a stronger ar-

gument for this interpretation would be obtained by considering a more general mathematical
analysis. Independently to this viral context, a finite one-dimensional continuous fitness space has
been considered in papers as [36,37] to derive what is called a selection–mutation model. Math-
ematically, these models are analogous to non-local reaction–diffusion models with reaction and
diffusion terms representing selection and mutation processes, respectively. Mutation is modeled
as a diffusion process in a fitness-space by means of the Laplacian operator and the non-local
dependence appears in the selection term to take into account the resource competition among all
types of individuals in the population, which are characterized by a value of an evolutionary
variable assumed to be related to a fitness measure. Recently, mutation has been also modeled
using an integral operator with a continuous kernel cðx; yÞ that represents the probability of
mutation from the type y to a type in the interval ðx; xþ dxÞ [38]. Finally, in [39] it was presented a
selection–mutation–recombination model for bacteria adding a third term for the recombination
process and using the Laplacian for the mutation process. A similar model is also considered in
[40] where an integral operator with a piece-wise constant kernel is used to model mutation.

3. Selection–mutation models

Let uðx; tÞP 0 be a density with respect to some fitness measure x (infectivity, virulence, a
function of both of them, etc.) describing a viral population at time t. Here x 2 X :¼ ½a; b�, aP 0,
b <1, where X stands for the fitness space which is assumed to be finite since any of the previous
fitness measures cannot attain infinite values due to existence of metabolic limits. From a bio-
logical point of view, uðx; tÞ is required to be non-negative and integrable with respect to x for any
fixed tP 0. Under this formulation, the viral population consists of a continuum of viral strains
characterized by a value of x.
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Let P ðtÞ :¼
R b
a uðx; tÞdx denote the total viral population at time t and let BðtÞ :¼

R b
a rðxÞuðx; tÞdx,

the total production rate of virus at time t, be a measure of the experienced competition by any viral
strain. Therefore, BðtÞ affects the growth or replication rate of the x-viral strain by reducing it as
rðxÞ � BðtÞ. Since uðx; tÞ is assumed to be integrable and X is finite, P ðtÞ and BðtÞ are finite as far as
uðx; tÞ exists and rðxÞ is bounded in X (see below). These are two quantities that describe the viral
population as a whole and that will define the non-linearities appearing in the models. As we have
mentioned before, the usual form of these models contain two terms. The first one is the selection
term which is taken to be the following:

rðxÞ 1
�
�
Z b

a
bðx; yÞuðy; tÞdy



uðx; tÞ ¼ rðxÞ

�
�
Z b

a
rðyÞuðy; tÞdy



uðx; tÞ;

where, as in the previous discretized version of the Fisher model, the carrying capacity of the cell
culture where the virus is replicating is assumed to be normalized to 1, rðxÞ is the replication rate
which is a function of the fitness x and bðx; yÞ are the competition coefficients which verify
bðx; yÞ ¼ 1=bðy; xÞ ¼ rðyÞ=rðxÞ. It is worth noting that for the simulations done in [30], rðxÞ was
assumed to be a linear form. However, here we only assume it to be a positive and continuous
function.
The second ingredient of the model, the mutation term, has been usually modeled in terms of a

classical diffusion process in the fitness space X by means of the Laplacian operator, which is the
more frequent approach. Precisely, the mutation term is given by lðxÞDu with l being the mu-
tation rate of the strain labeled by x (see, for instance, [20,36,37,39,41]).
According to the previous assumptions, namely, a logistic-like selection term and the mutation

process described by the Laplacian operator, and taking a constant mutation rate l for all viral
strains, the equation governing the selection–mutation process is

ouðx; tÞ
ot

¼ rðxÞ
�

�
Z b

a
rðyÞuðy; tÞdy



uðx; tÞ þ l

o2uðx; tÞ
ot2

; a < x < b; ð1Þ

which has to be endowed with an initial condition uðx; 0Þ ¼ u0ðxÞ, 06 a6 x6 b, and, moreover,
with boundary conditions in order to have a well-posed initial value problem.
Here, we will assume the so-called homogeneous Neumann boundary conditions,

oxuða; tÞ ¼ oxuðb; tÞ ¼ 0, which implies that no individual leaves the fitness space X. In other
words, we assume non-flux boundary conditions. Although such boundary conditions as well as the
zero boundary conditions (uða; tÞ ¼ uðb; tÞ ¼ 0) can be found in the literature in the context of
selection–mutation models (see, for instance [36,37,39]), our claim is that only the non-flux
conditions are suitable when X is a fitness space.
If mutation only implies a redistribution of the potential offspring of each viral strain into

different strains, then it has no sense to leave the fitness space by mutation. First, because we are
assuming a maximum value of the fitness measure which is imposed by, let us say, metabolic
limits. So, to leave the fitness space through this boundary (x ¼ b) would mean that some
members of the population achieve even higher values of fitness by mutation, which contradicts
our initial assumption. Second, because, from a demographical point of view, lethal mutations
produce viral particles which are not able to self-replicate. This fact means that we can label these
particles with the minimum value of the fitness measure we admit (x ¼ aP 0) as long as the
replication rate at this value is equal to zero (rðaÞ ¼ 0). In other words, since there is nothing
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worst than a lethal mutation, it has no sense to assume that mutation process provokes a flow of
individuals leaving X through the boundary x ¼ a. Moreover, taking into account that the
competition term in the model is given by BðtÞ, by assuming rðaÞ ¼ 0 it follows that there is no
contribution to competition effects from particles affected by lethal mutations (since
rðaÞuða; tÞ ¼ 0), as it is expected from a biological point of view.
Note that the previous description is not the case when X is a physical domain and one con-

siders a spatial spread by diffusion in it. In this case, individuals themselves can move at random
along X and leave it across its boundaries (when these are not isolated). Such a spatial spread is,
therefore, completely different from spread in fitness space.
Under the previous interpretation of the mutation process, selection–mutation models have to

be equivalent to the pure selection models when we look at the total population level, i.e., we
consider the dynamics of PðtÞ. And this is actually the case when the non-flux boundary condi-
tions are assumed since, then, it follows that the dynamics of PðtÞ are given by the following non-
autonomous ordinary differential equation:

dP ðtÞ
dt
¼ BðtÞð1� P ðtÞÞ; t > 0; ð2Þ

which is the same equation that the one obtained from our model when mutation does not occur.
Note that, if rðxÞ > 0 8x 2 X n fag, then BðtÞ > 0 if P ðtÞ > 0. Therefore, P 0ðtÞ > 0 8tP 0 for any
0 < P ð0Þ < 1. That is, the total population P ðtÞ has logistic-like dynamics with P � ¼ 1 (the nor-
malized carrying capacity) being a globally asymptotically stable equilibrium for any P ð0Þ > 0.
The use of the Laplacian operator means that mutation process is modelled by Brownian

motion in fitness space. Such an approach has been object of many criticisms [20] due to some
well-known deficiencies of both the approach itself and the corresponding solutions, criticisms
that, in fact, have been also formulated in all the applications of the Laplacian in physics,
chemistry and biology: only local interactions are taken into account, stochastic processes dif-
ferent from Brownian motion (as correlated random walks) are not included, the phenomenon of
a infinite propagation in X of the solutions of the corresponding models, etc. (see [42,44]). Most of
these criticisms are related to the fact that the use of the Laplacian implies a limit modeling
approximation of a discrete (stochastic) process and, under such a perspective, one has to look at
diffusion models. However, there is new a criticism that can be formulated when such an approach
is applied to the mutation process, namely, diffusion is not a proper way of modeling propagation
in a fitness space X. The reason is very simple: individuals in X are fixed since they have a par-
ticular fitness value x during all their lifes; they are not particles having a random motion ac-
cording to a given stochastic process. The apparent motions in X are, in fact, the dispersal in X of
new individuals, dispersal that is provoked by mutations. Therefore, although diffusion models
can reproduce more or less correctly some features of our system at a population level, the un-
derlying mechanism is not the correct one.
On the other hand, there is another factor that affects these motions in X: the existence of the

so-called fitness-dependent mutational bias. This bias is due to the fact that, when X is finite, the
‘‘overall probabilities of going up and down in fitness are not the same’’ [45]. In other words, there
is a bias in the appearance of mutations which is related to the location itself in the fitness space X.
Such a bias reflects the fact that deleterious mutations are more frequent than beneficial muta-
tions, specially when locations in X corresponding to high levels of fitness are achieved. Indeed,
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experimental estimates of the deleterious and beneficial mutation rates obtained for VSV suggest
that the former is very high whereas the latter is very low. For instance, averaging across different
genotypes of VSV, the estimated genomic deleterious mutation rate is approximately 1.2 per
generation [46]. At the other side, the genomic beneficial mutation rate has been estimated to be as
low as 6.4� 10�8 per generation [47]. In other words, the vast majority of mutations produced
during RNA replication must be considered as deleterious and only a tiny fraction as beneficial.
With regard to this bias, it is clear that the description of mutations using the Laplacian implies

no bias in the appearance of such mutations since, as we have said, the use of this operator means
that we are modeling the mutation process by a Brownian motion in fitness space. To overcome
such a difficulty, one has to consider a generalization of this diffusion process, the so-called biased
diffusion (see [48] and references in for details). However, in the context of this paper and as far as
we know, no approach to mutation process has been done using biased diffusion.

3.1. An alternative selection–mutation model

A different approach to model mutation comes also from population dynamics and it is based
on the so-called transport models for spatial spread (see [35,42]). Transport models have been
developed in ecology, for instance, to model non-local effects and long range diffusion. In par-
ticular, they have been applied to the describe seed dispersal in plant populations, the evolution of
adaptive traits, and chemotaxis [35,43,44,48]. The basic idea underlying these transport models is
to replace the Laplacian operator by an integral term with a dispersal kernel kðx; yÞ representing
the density of new positions/types, given the (parental) position/type y. Since this term describes
pure motion, the dispersal kernel must verify kðx; yÞP 0 and

R
X kðx; yÞdx ¼ 1. (See [35] for a re-

lationship among short range diffusion, long range diffusion and integral operators.)
In the context of selection–mutation models, some authors have adopted a similar approach to

model mutation. Under this approach, an integral operator adds all the contributions to a given
type x of viral strain coming from all types by means of a mutation kernel cðx; yÞ. For instance, in
[38] it is proposed and analyzed an evolutionary model of a population divided amongst two
groups, young individuals and adults, both of them distributed with respect to the evolutionary
trait x ¼ 1=T with T being the maturation age. However, this model, as well as the one we present
below, is not a transport model with respect to the mutation process since it does not describe
pure motion of the population members in X. Instead of this, it describes the motion in X of the
new members of the population.
According to our description of dispersal in fitness space and using this second approach, we

will assume the following integral mutation operator:Z b

a
cðx; yÞrðyÞuðy; tÞdy;

which gives the production rate of x-viral strain when the viral density is uðy; tÞ. Here cðx; yÞ is the
mutation kernel: it gives the density of new types x of viral strains (locations in the fitness space X),
given the parental type y. This means that, as the dispersal kernel above, c satisfies cðx; yÞP 0 andR

X cðx; yÞdx ¼ 1, i.e., cð�; yÞ is a probability density. The size of the support of cð�; yÞ is, of course,
related to the maximum size of a mutation (the range of mutation for fixed type y). In particular, a
desirable feature of the mutation kernel is that, when the range of mutation tends to zero for all
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types, the selection–mutation model has to tend to the selection term. This implies that
cðx; yÞ ! dðyÞ, a Dirac�s delta concentrated at y, as the size of the support of cð�; yÞ tends to zero.
Moreover, also from a modeling point of view, we want the mutation kernel cðx; yÞ to be non-

symmetric (i.e., cðx; yÞ 6¼ cðy; xÞ if x 6¼ y). Such an asymmetry permits a fitness-dependent muta-
tional bias, i.e., it allows us to model a more realistic situation in which, as we have previously
commented, beneficial mutation rates are lower than deleterious mutation rates.
Finally, since small mutations have higher probabilities to happen than those that are very big,

it seems quite suitable for modeling purposes that cðx; yÞ is concentrated along both sides of the
line x ¼ y. This assumption is fully realistic for RNA viruses; it has been shown that the observed
distribution of deleterious fitness effects fits very well to a compound probability model with most
of the effects explained by an asymmetric gamma probability distribution and a small portion of
effects drawn from a ð0; 1Þ uniform probability distribution [46]. This compound model had the
advantage of explaining those mutants with larger deleterious effects.
Note that, since for each viral strain the mutation kernel is multiplied by the offspring pro-

duction rate at time t, dispersal in the fitness space only takes place at the moment of repro-
duction. In fact, under the hypotheses on c and assuming enough regularity in all the ingredients
of the model, we obtain the total production rate of virus in the population by integrating with
respect to all produced types x, that is,Z b

a

Z b

a
cðx; yÞrðyÞuðy; tÞdy dx ¼

Z b

a
rðyÞuðy; tÞdy ¼ BðtÞ:

Therefore, the previous modelling assumptions leads to the following integro-differential equation
for the proposed selection–mutation model:

ouðx; tÞ
ot

¼
Z b

a
cðx; yÞrðyÞuðy; tÞdy �

Z b

a
rðyÞuðy; tÞdy

� 

uðx; tÞ; a6 x6 b; ð3Þ

which has to be endowed by an initial condition uðx; 0Þ ¼ u0ðxÞ, a6 x6 b. Note that this for-
mulation does not require boundary conditions, in contrast to the diffusion approach. Moreover,
under this formulation there is no decomposition of the population growth in two separate parts,
namely, selection (reaction) and mutation (diffusion), since mutation is already included in the
selection term of the equation.
As we have already mentioned, the hypotheses on c guarantee the convergence of the model

equation to the pure selection one as the range of mutations tends to zero. This implies, in
particular, that the equation for the total viral population P ðtÞ is also given by (2) since mutation
is assumed to involve only random redistributions of the offspring over the fitness space.
Therefore, the dynamics of the total viral population are governed by the same equation under
both approaches when non-flux boundary conditions are assumed in the diffusion case, an
equation that is also equal to the one for the model without mutation (the selection model).
However, it is important to realize that (2) is a non-autonomous differential equation because BðtÞ
itself depends on the distribution of the viral population with respect to fitness. Hence, popula-
tions with the same size P ðtÞ but with different composition, i.e., with different viral densities
uðx; tÞ, will have different values of BðtÞ and, so, different growth rates (see Section 4 for details for
the simpler case in which mutations are not considered).
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4. Selection dynamics

When no mutation is present in a population with dynamics described by one of the previous
equations, the resulting model, usually called a generalized logistic model [49], is given by

ouðx; tÞ
ot

¼ rðxÞ
�

�
Z b

a
rðyÞuðy; tÞdy



uðx; tÞ; ð4Þ

with uðx; 0Þ ¼ u0ðxÞ for x 2 ½a; b�. The equation says that, when the total viral population ap-
proaches the carrying capacity (i.e.,

R b
a uðx; tÞdx � 1), the per capita growth rate at time t of a x-

viral strain is equal to the difference between its replication rate rðxÞ and the mean replication rate
of the population at this time t, �rrðtÞ :¼

R b
a rðyÞuðy; tÞdy. In fact, since rðxÞ can be considered itself

as a measure of the fitness of the x-viral strain when is an increasing function of x, �rrðtÞ is a measure
of the fitness of the population as a whole at time t.
It is not difficult to verify that the results of [49] about the asymptotic behaviour of the solu-

tions to a quite similar generalized logistic model (in some sense, even more general than one we
are dealing with) hold also true for our model. The first difference between both models is the fact
that, in [49], it is PðtÞ instead of BðtÞ the term that represents the competition among strains. The
second main difference is that the authors consider growth rate and a competition coefficient (or
mortality parameter in their words) as the two variables defining a two-dimensional space of
evolutionary characteristics (or traits) and with respect to which a population is distributed.
Roughly speaking, the main result in [49] is that the asymptotic behaviour of a solution u with a
positive initial condition u0 having as a support the interval ½a0; b0� � ½a; b�, is given by the con-
vergence of the solution uðx; tÞ to b0db0 , the maximum point of the support of u0 times a Dirac�s
delta concentrated at this point, as t!1.
Indeed, it is easy to obtain an explicit expression of the solution by looking for u with the form

uðx; tÞ ¼ T ðtÞ expðrðxÞtÞu0ðxÞ
with T ð0Þ ¼ 1 and, then, take the limit as t!1. The solution is given by

uðx; tÞ ¼ erðxÞtu0ðxÞR b0
a0
erðyÞtu0ðyÞdy � P0 þ 1

with P0 ¼
R b0
a0
u0ðxÞdx is the total initial viral population.

From this expression of u and also assuming that rðxÞ is a strictly increasing function (as in
[49]), it formally follows that

lim
t!1

uðx; tÞ ¼ 0; x 2 X n fb0g;
1; x ¼ b0

�
with

R b0
a0
uðx; tÞdx! 1 as t!1 (see Section 3). Therefore, this (formal) limit can be thought as

db0 , a Dirac�s delta concentrated at the maximum point (b0) of the support of the initial condition
u0. Note that in case that the maximum of rðxÞ in X was in x� 2 ða0; b0Þ, then this limit would be
formally equal to dx� .
In words, if mutation is not present, selection dynamics drive the viral population to eventually

adopt the maximum fitness value of any viral strain initially present.
We would like to emphasize that, although the previous limit is a formal computation, the

method we have used to obtain uðx; tÞ illustrates a procedure that will be used in the next sections
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for the full model. Moreover, it has to be pointed out that such a method has been already used in
[36] for the diffusion case with zero boundary conditions.
On the other hand, as we said in the previous section, differences in the initial composition of

the viral populations affect their growth. To illustrate this fact, let us consider two initial viral
populations u1ðx; 0Þ and u2ðx; 0Þ both of them having X ¼ ½a; b� as support and competing under
pure selection dynamics, i.e., no mutations occur. Finally, let us assume rðxÞ to be strictly in-
creasing with rðaÞ ¼ 0 and, moreover, that u1ðx; 0Þ is biased to high values of fitness while u2ðx; 0Þ
is biased to low values of fitness. Under these hypotheses and if

R b
a ½u1ðx; 0Þ þ u2ðx; 0Þ�dx < 1,

there exists a value x� 2 ða; bÞ such that

rðx�Þ ¼
Z b

a
rðxÞ½u1ðx; 0Þ þ u2ðx; 0Þ�dx:

Hence, from (4) it follows that all the viral strains of both populations with x < x� will have a
negative growth (i.e., otu1ðx; tÞjt¼0 < 0, otu2ðx; tÞjt¼0 < 0 8x < x�) while those strains with x > x�

will have a positive growth. However, due to the bias of the initial compositions, the negative
growth of u2ðx; 0Þ will be more negative than that of u1ðx; 0Þ and, in its turn, the positive growth of
the latter will be higher than that of u2ðx; 0Þ. Therefore, if biases of the initial compositions are
strong enough, it follows an initial decline of the population size of u2ðx; tÞ since, at t ¼ 0,

d

dt

Z b

a
u2ðx; tÞdx

� 

< 0

and, at the same time, an increase of the size of u1ðx; tÞ because, at t ¼ 0,
d

dt

Z b

a
u1ðx; tÞdx

� 

> 0;

although the whole population PðtÞ ¼
R b
a ½u1ðx; tÞ þ u2ðx; tÞ�dx always has a positive growth as long

as the total initial population is lower than the carrying capacity (see (2)).
Notice that this scenario is compatible with the asymptotic behaviour we have obtained for the

solutions of the pure dynamics, namely, that uðx; tÞ ¼ u1ðx; tÞ þ u2ðx; tÞ ! db as t!1. Never-
theless, it is not possible to predict the fraction of the total eventual population P �ð¼ 1Þ that will
correspond to u1ðx; tÞ and to u2ðx; tÞ, respectively, since this fraction will depend on the transient
behaviour which, in its turn, depends on the initial conditions as we have already seen. Only when
initial populations have different supports, will the whole final population correspond to the
eventual population of one of them. However, this situation is no longer valid when mutations are
present since they provoke that, sooner or later, both populations have the same support.
In summary, differences in fitness of initial viral distributions imply different transient behav-

iours of populations, behaviours that are responsible for the success or the failure of invasion
events (superinfections). However, it is not possible to have a more realistic analysis of the outcome
of these invasion events without including mutations. At this point, we can only say that since
mutations influence the motions in the fitness space X, differences in the way of modeling them can
also have consequences on the outcomes of these invasions. For this reason, in the following
sections we will carry out a detailed analysis about the dynamics of the viral density uðx; tÞ under
the occurrence of mutations (Section 5) and try to find a relationship between the time of the in-
vasion (superinfection) and the invader and resident viral densities at this moment under an ab-
stract approach which includes different approaches to the mutation process (see Section 6).
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5. Selection–mutation dynamics

5.1. The model in an abstract form

Let us write, in an abstract form, an equation that includes both ways of modeling mutation.
We can do that since the required properties of the solutions to the equations that we need will not
depend on the precise approach used to represent the mutation process.
To see that let us rewrite the selection–mutation model given by (1) as follows:

ou
ot
¼ ðrðxÞI þ lDÞu�NðuÞu ¼: Alu�NðuÞu;

where N is the integral operator given by NðuÞ ¼
R b
a ru. For the integro-differential equation

model, given by (3), we write

ou
ot
¼
Z b

a
cðx; yÞrðyÞuðy; tÞdy �NðuÞu ¼: Acu�NðuÞu:

Although Al and Ac are different linear operators, they share properties that imply the same
asymptotic behaviour of the solutions to the corresponding model equations when the following
hypotheses hold:

(H1) The replication rate rðxÞ is a continuous function which is strictly positive for all x 2 X n fag
with rðaÞP 0.

(H2) The mutation kernel cðx; yÞ is a positive and continuous function in X� X. Moreover, we
assume that there exists � > 0 such that the support of cð�; yÞ contains the interval
I� ¼ ðmaxfa; y � �g;minfy þ �; bgÞ for each y 2 X.

Hypothesis (H1) is a sufficient condition to guarantee that Al verifies the next properties (in
fact, the weaker condition

R b
a rðxÞdx > 0 is also a sufficient condition, see [39]). Hypotheses (H1)

and (H2) guarantee the same for Ac (see Remark 2). Indeed, both hypotheses can be relaxed but
they are natural from a modeling point of view. First, because viral replication rates for a < x6 b
are always strictly positive without competition among strains. This implies that (H1) is satisfied if
one assumes that these rates change smoothly with respect to the fitness. In particular, the rep-
lication rate assumed in [30], namely, rðxÞ ¼ ax, a > 0, x 2 ½0; 1�, satisfies (H1) for both settings
with a ¼ 0 and rð0Þ ¼ 0. Second because, as a mutation kernel, cðx; yÞ has to be concentrated
along both sides of the line x ¼ y in the sense given by (H2). Of course, all the assumptions on c in
Section 3 are compatible with (H2), in particular, that cðx; yÞ 6¼ cðy; xÞ and thatR b
a cðx; yÞdx ¼ 1 8y 2 X.
According to the previous models, a general abstract form of selection–mutation models is

ou
ot
¼ Au�NðuÞu

with A being a linear operator satisfying the following properties (see [50] for definitions):

(i) A is the infinitesimal generator of a C0-semigroup, denoted by eAt, in a Banach space X (in
our case, X ¼ L1ða; bÞ).
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(ii) A has a positive and strictly dominant eigenvalue k� with algebraic multiplicity 1, i.e., its spec-
trum rðAÞ is entirely to the left of the line Rek� ¼ k� > 0 of the complex plane C (there exists
d > 0 such that Rek < k� � d for any k 2 rðAÞ; k 6¼ k�).

(iii) The eigenfunction corresponding to k�, u�, has constant sign and, since u0 > 0, it is chosen to
be positive.

Under these conditions the generated semigroup eAt has the property of asynchronous expo-
nential growth (see Theorem 1).
From a biological point of view, (ii) implies that the maximum growth rate of the viral pop-

ulation without competition effects, which is given by k�, has to be strictly positive. Note that this
property is not always satisfied, even with positive intrinsic growth rates rðxÞ. For instance, in the
diffusion case with zero boundary conditions, the existence of a positive strictly dominant ei-
genvalue k� is not guaranteed unless a small enough mutation coefficient l is assumed (see [36,37]),
which implies that not many individuals leave the fitness space at the boundaries. In other words,
the potential growth of a viral population decreases with high mutation rates because a part of the
population �leaves� the fitness space through the boundaries x ¼ a and x ¼ b. In contrast, imposing
conditions of non-flux at the boundaries (oxuða; tÞ ¼ oxuðb; tÞ ¼ 0), the population, as a whole,
does not lose individuals by mutation at the boundaries and, so, there is no need to assume low
mutation rates in order to have k� > 0. In particular, under these non-flux boundary conditions
and for any value of the mutation coefficient l, a positive lower bound of k� is obtained from
Rayleigh quotient, namely,

k�P�rr :¼ 1

b� a

Z b

a
rðxÞdx;

that is, the maximum growth rate k� of the whole viral population when competition effects are
not present is, at least, equal to the mean replication rate. Similarly, for the transport-like ap-
proach, the positivity of rðxÞ and cðx; yÞ guarantees k� > 0. In the next section, we will see that,
under any of both approaches, k� is given by the mean replication rate of a viral population whose
density u is proportional to u�.

Remarks

(1) In [36] it is given a suitable framework to include not only densities but also Dirac�s deltas as
initial conditions in the diffusion case with uða; tÞ ¼ uðb; tÞ ¼ 0. This means that monomorphic
populations with respect to the fitness value can be considered as initial populations (i.e.,
u0ðxÞ ¼ dx0 , x0 2 ½a; b�). However, due to the high mutation rates of the RNA viral popula-
tions, it is suitable to admit as initial conditions densities u0 2 DðAlÞ ¼ f/ 2 L1ða; bÞ:
/0 is absolutely continuous and /0ðaÞ ¼ /0ðbÞ ¼ 0g as in [39]. In the transport-like case, the
domain of Ac is DðAcÞ ¼ L1ða; bÞ and, so, any (positive) density on ½a; b� can be considered
as initial condition.

(2) Under (H1) and (H2) Ac is a positive integral operator of Fredholm type which is compact
from L1ða; bÞ to L1ða; bÞ. Therefore, (i) is fulfilled since Ac is the infinitesimal generator of a
uniformly continuous semigroup and, so, of a C0-semigroup in L1ða; bÞ. On the other hand,
the semigroup eAct is irreducible since Ac itself is an irreducible operator when c is concentrated
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along both sides of the line x ¼ y (see [51] for definitions). Moreover, since Ac is a compact
generator of a positive semigroup, the spectral bound of Ac, sðAcÞ, is an element of rðAÞ whose
elements are poles of the resolvent (i.e., eigenvalues) [50,51]. Therefore, since eAct is an irreduc-
ible, positive semigroup in L1ða; bÞ and sðAcÞ 2 rðAÞ, sðAcÞ is a dominant eigenvalue with al-
gebraic multiplicity 1 and the only eigenvalue admitting a positive eigenfunction u� (see
Theorem 1.3 in [52]). Hence (iii) follows. Finally, since Ac is compact, its spectrum is a count-
able set with no accumulation point different from zero [50] and, so, sðAcÞ is isolated. There-
fore, sðAcÞ is a strictly dominant eigenvalue and, hence, (ii) is fulfilled with k� ¼ sðAcÞ.

5.2. The solution and its asymptotic behaviour
Similarly to what we have done for the selection dynamics, we could look for a solution of the

abstract equation otu ¼ Au�NðuÞu in the form uðx; tÞ ¼ T ðtÞeAtu0ðxÞ with T ðtÞ a function of time
such that T ð0Þ ¼ 1 and with eAtu0 being the solution to the associated linear problem otw ¼ Aw
with initial condition wðx; 0Þ ¼ u0ðxÞ, i.e., the semigroup generated by A. In our case and ac-
cording to the definition of N, we would obtain that

uðx; tÞ ¼ eAtu0R t
0
N eAsu0ð Þdsþ 1

¼ eAtu0R t
0

R b
a rðxÞeAsu0ðxÞdx

� 
dsþ 1

:

This procedure works as long as A is the infinitesimal generator of a C0-semigroup and
N : X ! R is an integral operator (see [38]). However, it can also work even if the semigroup
generated by A is non-linear (see, for instance, the models in [39,40]).
To determine the asymptotic behaviour of the solution to the non-linear problem, it is more

convenient to rewrite uðx; tÞ in terms of the rescaled semigroup eA�t generated by the linear op-
erator A� :¼ A� k�I, i.e., uðx; tÞ ¼ T ðtÞeA�tu0ðxÞ with T ðtÞ a function of time such that T ð0Þ ¼ 1
and eA

�t ¼ e�k�teAt.
Note that, since A satisfies properties (i)–(iii), A� has 0 as its strictly dominant eigenvalue with

u� being its corresponding eigenfunction. Moreover, the asymptotic behaviour of the rescaled
semigroup eA

�t is given by the next theorem.

Theorem 1. Let A be an operator satisfying hypotheses (i)–(iii) and let eA
�t denote the C0-semigroup

generated by A� :¼ A� k�I . Then there exist constants a > 0 and M > 1 and a continuous linear
form a : X ! R such that, for all u 2 X and tP 0,

keA�tu� aðuÞu�kX 6Me�atkukX :
Moreover, aðuÞ > 0 whenever u belongs to Xþ n f0g.
For the case A ¼ Ac, this is a well-known result since, as we have seen, under (H1) and (H2) Ac

is a bounded operator having a positive, strictly dominant eigenvalue k� with geometrical mul-
tiplicity 1 (see Remark 2 below). For the case A ¼ Al, see [36,39].
Roughly speaking, this result implies that, since uðx; tÞ ¼ T ðtÞeA�tu0ðxÞ, the shape of the viral

density tends (in the X-norm) to that of u� exponentially while the behaviour of the total viral
population is given by T ðtÞ. In demographical terms, we would say that the viral population tends
to a stable distribution given by u�. It is worth noticing that the shape of u� depends on the choice
of the operator used to model mutations: Al, Ac or any other suitable linear operator satisfying
properties (i)–(iii).
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To know more precisely the behaviour of uðx; tÞ, let us write the abstract problem in terms of
the auxiliar operator A�, namely,

otu ¼ A�uþ k�u�NðuÞu:
Replacing u by its expression in this equation, it follows that T ðtÞ satisfies the following asymp-
totically autonomous ODE:

T 0ðtÞ ¼ k�T ðtÞ � T 2ðtÞ
Z b

a
rðxÞeA�tu0ðxÞdx;

which has as a limit equation the following ODE:

T 01ðtÞ ¼ k�T1ðtÞ � aðu0ÞT 21ðtÞ
Z b

a
rðxÞu�ðxÞdx

since eA
�tu0 ! aðu0Þu� as t!1. The solution to the latter is

T1ðtÞ ¼
k�

k�e�k�t þ 1� e�k�t½ �aðu0Þ
R b
a rðxÞu�ðxÞdx

! T �1 ¼
k�

aðu0Þ
R b
a rðxÞu�ðxÞdx

as t!1. Therefore, since T ðtÞ is bounded for all positive time, and T �1 is the unique equilibrium
of T1ðtÞ and it is globally asymptotically stable for positive initial conditions, it follows that T ðtÞ
also tends to T �1 as t!1 (see [53]).
Finally, the asymptotic behaviour of the solution to the selection–mutation model in any of the

two proposed forms is

uðx; tÞ ¼ T ðtÞeA�tu0ðxÞ ! u�ðxÞ ¼ k�R b
a ru

�
u�ðxÞ as t!1:

That is, there exists a unique non-trivial equilibrium for any non-zero initial condition u0 which is
globally asymptotically stable. Moreover, this equilibrium is a positive multiple of u�, the ei-
genfunction associated to the dominant eigenvalue k�. (Under the diffusion approach, this result
has been obtained in [36,39] for similar models.)
In particular, since the carrying capacity is normalized to 1 in the original models (Section 3),

by imposing that
R b
a u
� ¼ 1 it follows that the dominant eigenvalue of A is given

k� ¼
R b
a ru

�R b
a u�

:

In other words, the maximum growth rate of the viral population under mutation when com-
petition effects are not present is achieved when the viral density uðxÞ is proportional to u�, and
this maximum is equal to the corresponding mean replication rate of the population.
It is illustrative to relate this result to the corresponding to the pure selection dynamics. Pre-

cisely, to relate the shape of u� with the Dirac�s delta db0 as mutation size tends to zero (i.e., when
l! 0 or the support of cð�; yÞ becomes very small). This property has been already established for
similar models using the diffusion approach (see [36,37] for the case with zero boundary condi-
tions), and for models using the probabilistic or transport-like approach [38]. In terms of our
model, the result would say that, when mutation is small and rðxÞ is strictly increasing, u� tends to
be concentrated at the maximum point of the one-dimensional fitness space (x ¼ b), and so does

150 J. Salda~nna et al. / Mathematical Biosciences 183 (2003) 135–160



uðx; tÞ as t!1. In this case, moreover, from the previous expression of k� it follows that
k� ! maxXfrðxÞg. Of course, this result is the one we expect from a biological point of view since,
now, all types of viral strains will appear sooner or later by mutation and, as before, selection will
drive viral strains to adopt the maximum fitness value that is possible. However, a rigorous proof
of such a convergence of solutions of general selection–mutation models to solutions of pure
selection models lies outside of the scope of the present paper.
This knowledge of the asymptotic behaviour of solutions to our initial value problem will be

used in the next section for a qualitative analysis of competitive displacements in superinfection
processes.

Remarks
(1) Since the domain of Ac, DðAcÞ, is X ¼ L1ða; bÞ, the solution uðx; tÞ of the transport-like case is

classical for any initial condition u0 2 X . However, in the diffusion case, since DðAlÞ � X ,
uðx; tÞ is a mild solution of the selection–mutation model unless u0 2 DðAlÞ. (See [54] for def-
initions.)

(2) Since Ac is compact and has a strictly dominant eigenvalue, it follows that the spectrum of the
rescaled operator is the disjoint union of two non-empty compact subsets rðA�Þ ¼
f0g [ r2ðA�Þ, and that the spectrum of the rescaled semigroup is rðeA�tÞ ¼ etrðA�Þ ¼ f1g[
etr2ðA

�Þ. Hence, there exist a spectral projection Pu� of rank one on the eigenspace X0 ¼
Pu�X ¼ hu�i along X1 ¼ ðI � Pu�ÞX ¼ kerðPu�Þ, and a unique spectral decomposition X ¼
X0 � X1 corresponding to f0g [ r2ðA�Þ such that the restrictions of eA

�t to X0 and X1, denoted
by eA

�tjX0 and e
A�tjX1 , respectively, have bounded generators A

�
i (i ¼ 1; 2) with rðA�1Þ ¼ f0g and

rðA�2Þ ¼r2ðA�Þ. More precisely, for all / 2 X , / ¼ /0 þ /1 with /i 2 Xi, and e
A�t/ ¼ eA�tjX0/0þ

eA
�tjX1/1 with rðeA�tjX0Þ ¼ f1g and rðeA�tjX1Þ ¼ e

trðA�
2
Þ. Therefore, eA

�tjX1 satisfies that
keA�tjX1kX ! 0 exponentially as t!1 because the spectral bound of A�2, sðA�2Þ, is strictly neg-
ative and, hence, the statement of the theorem follows. For definitions and results on spectral
theory, see [50,51].

6. Superinfection vs coinfection

Although the asymptotic behaviour of solutions to the previous selection–mutation models is
well established, we need to be able to say something about the transient behaviour of the
competing viral strains in order to explain the reported experimental results on viral evolution in
[30]. Note that, under the framework given by the selection–mutation model of the previous
section, the equations governing the dynamics of resident strains and of invader strains in su-
perinfection, and the dynamics of co-invaders in coinfection, are actually the same. The only
difference is the distribution itself of the viral population in the fitness space: a distribution of fitter
strains is more to the right in the fitness space with respect to a distribution of less fitted strains.
This is in contrast with respect to the usual models in evolutionary dynamics where differences in
the parameters of the equations distinguish between resident and mutant (or invader) types.
Coinfection is characterized by an initial condition given by a simultaneous infection of a new

host with viral strains from two different sick hosts. That is, in coinfection, two different distri-
butions of viral strains, u01ðxÞ and u02ðxÞ, determine the initial condition. In contrast, superinfection
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implies a two-step process: an initial infection of a new host with viruses from a sick host and,
after a time s, an addition of new viruses (second infection) coming from a different sick host.
Therefore, to study the transient behaviour of the solutions corresponding to each infectious

process, we have to establish the corresponding initial conditions. Such conditions will be based on
the reported experiments in [30] where two different frequencies of per host multiple infection were
employed for both multiple infectious processes in the in vitro experiments, namely, 5% and 50%.
According to these experiments, if we denote the whole viral strain distribution in an infected

host by ucðx; tÞ, the initial condition in coinfection ucðx; 0Þ is given by
ucðx; 0Þ ¼ su01ðxÞ þ ð1� sÞu02ðxÞ

with s ¼ 0:95 and s ¼ 0:50, respectively. In superinfection, there is an initial condition at each
step, namely,

(1) u1ðx; 0Þ ¼ su01ðxÞ,
(2) usðx; 0Þ ¼ u1ðx; sÞ þ ð1� sÞu02ðxÞ,

with u1ðx; tÞ being the distribution of viral strains of the first infection for 06 t6 s, i.e., before the
second infection takes place. For both infectious processes, it can be assumed that

R b
a u

0
1ðxÞdx ¼R b

a u
0
2ðxÞdx ¼ P0 � 1 (recall that the carrying capacity is normalized to 1). Hence,

R b
a u

cðx; 0Þdx ¼
sP0 þ ð1� sÞP0 ¼ P0, i.e., the total initial viral population in coinfection is equal to P0. In super-
infection, the same amount of virus P0 is introduced into the infected host but at two different
times.
Therefore, in coinfection, ucðx; tÞ ¼ uc1ðx; tÞ þ uc2ðx; tÞ with uc1ðx; 0Þ ¼ su01ðxÞ and uc2ðx; 0Þ ¼

ð1� sÞu02ðxÞ. In superinfection, after the second infection, we have usðx; tÞ ¼ us1ðx; tÞ þ us2ðx; tÞ with
us1ðx; 0Þ ¼ u1ðx; sÞ and us2ðx; 0Þ ¼ ð1� sÞu02ðxÞ.
In contrast to what happens in coinfection, in superinfection the resident viral population will

be larger and fitter than the viral population of the second infection if s is big enough, as in our
case. In particular, since s ¼ 6 h (while the whole passage is 24 h long), we assume thatZ b

a
rðxÞu1ðx; sÞdx�

Z b

a
rðxÞus2ðx; 0Þdx: ð5Þ

With respect to the dynamics of each infectious process, the viral population densities uiðx; tÞ
satisfy, in both cases, the equation

otui ¼ Aui �Nðu1 þ u2Þui; i ¼ 1; 2:
Hence, integrating with respect to x, it follows that the total size of each population (resident and
invader) satisfy, respectively,

dPiðtÞ
dt
¼ BiðtÞ � BðtÞPiðtÞ; i ¼ 1; 2; ð6Þ

where PiðtÞ :¼
R b
a uiðx; tÞdx and BiðtÞ :¼

R b
a rðxÞuiðx; tÞdx. Note that (2), which governs the dy-

namics of the whole viral population, follows immediately from these equations because
PðtÞ ¼ P1ðtÞ þ P2ðtÞ and BðtÞ ¼ B1ðtÞ þ B2ðtÞ. In particular, a monotonous increase of PðtÞ occurs
whenever the total size of the initial condition P1ð0Þ þ P2ð0Þ < 1. For instance, in superinfection,

this means that P 0ðtÞ > 0 as long as
R b
a ½u1ðx; sÞ þ ð1� sÞu02ðxÞ�dx < 1.
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However, according to (6) and whenever P 0ðtÞ > 0, it follows that an initial decline of the in-
vading viral population (P 02ðtÞ < 0) can occur while the resident population undergoes a positive
growth (P 01ðtÞ > 0). In such a case, we can consider that the second infection fails, i.e., there is no
establishment of the invading viral population, since its initial size is assumed to be very small
(ð1� sÞP0 � 1). In fact, as long as P 0ðtÞ > 0, such an increase of the resident population should be
always the case when the viral population of the second infection declines since P 0ðtÞ ¼ P 01ðtÞþ
P 02ðtÞ.
To see more precisely the condition for a failure of the second infection, let us write (6) in the

form

dPiðtÞ
dt
¼ BðtÞ BiðtÞ

BðtÞ

�
� PiðtÞ



; i ¼ 1; 2:

So, the sign of P 0i ðtÞ depends on the difference between BiðtÞ=BðtÞ, a measure of the relative fitness
of the i-population, and PiðtÞ=P �, the fraction of the carrying capacity occupied by this population
(recall that P � ¼ 1). This implies that if the invading viral density u2ðx; 0Þ is mainly distributed
around low values of the replication rate rðxÞ so that B2ðtÞ=BðtÞ � 1, then it is possible to have a
negative growth even for small values of P2ð0Þ. In this case, P 02ðtÞ < 0 and, using that
BðtÞ ¼ B1ðtÞ þ B2ðtÞ, it follows that

dP2ðtÞ
dt

< 0() B2ðtÞ
BðtÞ < P2ðtÞ ()

B1ðtÞ
BðtÞ > 1� P2ðtÞ: ð7Þ

Hence, whenever P1ðtÞ þ P2ðtÞ < 1, the last inequality implies that B1ðtÞ=BðtÞ > P1ðtÞ and, so, that
P 01ðtÞ > 0. That is, P 02ðtÞ < 0 implies the increase of the resident viral population. In particular, if
(5) holds at the moment of the second infection, then

B1ð0Þ
Bð0Þ � 1 and

B2ð0Þ
Bð0Þ � 0:

That is, under (5) almost all the invading populations with initial sizes P2ð0Þ ¼ ð1� sÞ
R b
a u

0
2ðxÞdx

will have a negative initial growth (P 02ð0Þ < 0). In other words, at the moment s of the second
infection, the fitness of the resident population (measured by B1ð0Þ) is so high that most of the
second infections will fail in superinfection.
Therefore, the success of the second infection depends critically on two main factors, namely,

(i) the total replication rate of the resident population at the moment s of the second infection,
B1ð0Þ ¼

R b
a rðxÞu1ðx; sÞdx, and

(ii) the total replication rate of the initial viral population of the second infection,
B2ð0Þ ¼ ð1� sÞ

R b
a rðxÞu02ðxÞdx.

Note that, when rðxÞ is strictly increasing, the previous integrals are a measure of the fitness of
the resident and invading viral populations, respectively. This measure depends on the size of the
total population and on the distribution of its density uðx; tÞ in the fitness space X.
Now let us compare conditions experienced by an invading population under coinfection and

superinfection processes. For this purpose, we consider the equation for usðx; tÞ, the viral density
in superinfection. In fact, as the operator A is the same for both infectious process (and so are k�

J. Salda~nna et al. / Mathematical Biosciences 183 (2003) 135–160 153



and A�), the solution in each case can be written as usðx; tÞ ¼ T ðtÞeA�tusðx; 0Þ and ucðx; tÞ ¼
T ðtÞeA�tucðx; 0Þ, respectively, with the initial condition being the only difference between them.
Proceeding as in the previous section and using the expression of usðx; 0Þ given at the beginning of
this section, one obtains that T ðtÞ satisfies

T 0ðtÞ
T ðtÞ ¼ k� � T ðtÞ

Z b

a
rðxÞeA�t½u1ðx; sÞ þ ð1� sÞu02ðxÞ�dx

with T ð0Þ ¼ 1. Hence, it follows that, when T 0ð0Þ > 0, both viral populations, the resident and the
invader, have a positive growth since they are given by usiðx; tÞ ¼ T ðtÞeA�tusiðx; 0Þ, i ¼ 1; 2, re-
spectively. On the contrary, if T 0ð0Þ < 0, both populations undergo a decline in their sizes. (Note
that since the dominant eigenvalue of A� is equal to 0, the term eA

�tuðx; 0Þ of the solution is mainly
responsible of the shift of the profile of uðx; tÞ to a shape which is proportional to that of u� (see
Section 5.2) and, therefore, changes in P ðtÞ are mainly due to changes in T ðtÞ.)
As we are interested in comparing initial growths in coinfection and superinfection processes,

let us consider the condition which combines an initial decline of the invading viral population in
superinfection, and a positive growth for the same population in coinfection. This happens if the
resident viral population at the moment of the second infection, u1ðx; sÞ, is such that the following
inequalities are satisfied (recall that T ð0Þ ¼ 1):Z b

a
rðxÞ½su01ðxÞ þ ð1� sÞu02ðxÞ�dx < k� ¼

R b
a ru

�R b
a u�

<

Z b

a
rðxÞ½u1ðx; sÞ þ ð1� sÞu02ðxÞ�dx: ð8Þ

The first inequality in (8) comes from imposing that, in coinfection, the initial growth of the viral
population in the infected host is always positive as far as the total initial population is small and,
clearly, the magnitude of k� is related to this (linear) initial growth where competition effects
among viral strains can be neglected (see Section 5). In contrast, the second inequality in (8),
which comes from imposing T 0ð0Þ < 0, is only satisfied if, at the moment of the second infection,
the resident viral population is big enough and, moreover, it is distributed around high values of
rðxÞ. In this case, the introduction of a second population implies an increase of the competition
effects which causes a decrease of both populations, the resident and the invading one.
More precisely, it follows that, for a fixed u02ðxÞ, it is less and less feasible that, as s decreases,

the second inequality in (8) can be satisfied, i.e., it is more and more feasible the success of the
second infection. Note that in the limit case s ¼ 0, we have a coinfection process instead of a
superinfection process, and the left and right terms of the previous inequalities are exactly the
same since then u1ðx; 0Þ ¼ su01ðxÞ. On the contrary, as s increases, u1ðx; sÞ becomes fitter and fitter
since its shape approaches to that of u�ðxÞ, which tends to be concentrated in the highest values of
rðxÞ if mutation is not very high. Eventually, as we have seen when dealing with the asymptotic
behaviour of solutions in Section 5, one has that, as s!1,

u1ðx; sÞ !
u�R b
a u�

:

In this limit case,
R b
a rðxÞu1ðx; sÞdx � k� and, so, the second inequality is always fulfilled since then

it is equivalent to the (trivial) inequality k� < k� þ ð1� sÞ
R b
a ru

0
2. In other words, in this limit case,

the resident viral population has taken possession of all the carrying capacity and, so, the in-
troduction of a second viral population results in negative competition effects for both of them.
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Note that mutational effects are present in (8) throughout k� since its value depends on the
particular election of the operator A which, in its turn, contains the representation of the mutation
process.
On the other hand, consider a fixed s > 0 and a fixed duration time tp for the infection passages.

If un1ðx; tÞ denotes the n-passage viral population before the second infection, then
un1ðx; tÞ ¼ T ðtÞeA�tun1ðx; 0Þ, 06 t6 s. At each single infection passage and if tp is large enough, the
shape of u1ðx; tpÞ approaches to that of u�, i.e., it shifts to higher values of rðxÞ. Therefore, since
the size of the viral population at the beginning of each passage is always the same, namely, sP0,
the mean fitness of the viral population at the beginning of the next passage, measured by
s
R b
a rðxÞu01ðxÞdx, increases with n, the number of single infection passages. This implies that, as the

number of passages increases (n!1), inequalities given by (8) become

sa
Z b

a
ru� < k�

�
� ð1� sÞ

Z b

a
rðxÞu02ðxÞdx



<

sk�a
R b
a ru

�

s½1� e�k�s�a
R b
a ru

� þ k�e�k�s
; ð9Þ

where it is used that, if the second infection occurs at the n-passage at a fixed s > 0, then we have

un1ðx; 0Þ ¼ sun�11 ðx; tpÞ ! sau�ðxÞ as n!1
and

un1ðx; sÞ ¼ T ðsÞeA�sun1ðx; 0Þ ! sT1ðsÞau�ðxÞ as n!1:

Here a is a positive constant depending on the initial condition at the beginning of the passage
un1ðx; 0Þ (see Theorem 1 in Section 5.2) and T1ðtÞ is given in Section 5.2.
From these inequalities it follows that the left- and right-hand terms in (9) are the same for

s ¼ 0 while, even for not very large values of s, the right-hand term becomes close to k� when n
increases. This means that, when the number n of passages increases, the second infection can
succeed in invading the resident viral population only for small values of s since only then
T 0ðtÞ > 0.
As usual in infectious processes, there is a bottleneck in this sort of evolution experiments

which is related to sampling from the final viral population at the end of a passage (un�11 ðx; tpÞ) to
obtain the initial population for the next passage (un1ðx; 0Þ) since, then, stochastic effects become
more important if the (normalized) size of the initial population P0 is small. In our case and as far
as the sampling renders approximately the �shape� of the viral distribution at the end of the
previous passage, this could mean a slower (or, at least, a non-uniform) approximation with
respect to the number of passages n of (8) to the inequalities given by (9) but, eventually, we arrive
at the same conclusions as before.
In summary, as far as (7) holds or the second inequality in (8) is satisfied at t ¼ 0, the viral

population of the second infection will decline. In practical terms, as the invading population size
is very small, we are talking about a failure of the second infection. In the reported experimental
results in [30], such decrease of the invading viral populations goes in parallel with the fact that,
for the value of s ¼ 6 used in the experiments, the resident viral population is in the exponential
phase of the logistic growth curve. This combination of facts, namely, an exponential growth of
the resident viral population, an initial decreasing of the viral population of the second infection,
and a finite duration of the infection passages, make that the total invading viral population
cannot achieve a significant level at the end of the infection passage. This could be the reason why
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there were not differences between the average increase of fitness after a series of recurrent su-
perinfection passages and the average increase of fitness after a similar series of single-infection
passages in the evolution experiments reported in [30]: they are essentially equivalent infectious
processes when s is big enough. This conclusion remains true in spite of the approach one adopts
to model the mutation process as far as the resulting operator has properties (i)–(iii) in Section 5.1.

7. Discussion and conclusions

In this paper we have presented a general abstract formulation of selection–mutation models in
a one-dimensional continuous fitness space which includes those based on the reaction kinetics
approach (i.e., reaction–diffusion models) as well as alternative models based on a transport-like
approach. This formulation provides a useful unifying approach to study the basic scenarios of
modeling different pathways of multiple infection, following the basic protocols defined in a
previous paper [30], and allows us to give an analytical understanding of both the reported ex-
perimental and simulation results. From this approach it follows that, although having different
assumptions on the mutation process, there are not qualitative differences among the predictions
obtained from the classical diffusion approach to model mutations with respect to those obtained
using other approaches.
Under natural hypotheses on the model ingredients, we have characterized the asymptotic

behaviour of solutions to the general model, which is given by a convergence to a globally and
asymptotically stable non-trivial equilibrium which is proportional to u�. Moreover, it has been
established conditions for the failure of the second infection in a superinfection scenario (see (7)
and (8)). In the first case, the failure is due to an initial decrease of the invading population when
its initial distribution is biased to fitness values lower than those around of which the resident
population is mainly distributed. In fact, since mutations provoke that both the resident and the
invading viral distributions have all the fitness space X as support, in the long run both popu-
lations would coexist because the joint distribution tends to u� as t!1. However, this eventual
coexistence is compatible with an initial decline of the invading viral population which does not
allow the population to recover and attain a significant level during an infection passage because
of its finite duration. In the second case (see (8)), there is a decline of the whole population,
resident and invader, caused by the increase of competition effects after the second infection. In
both cases, as the size of the invading viral population is smaller than that of the resident when s is
big enough, such an initial decline implies the failure of the superinfection.
On the other hand, the simulation study in [30] revealed, in agreement with the in vitro results,

that coinfection promotes higher fitness levels and that superinfection is not better than simple
infection in terms of the final fitness generated through the evolution process. These results were
shown to be a consequence of the advantage provided by the resident population size, and they
are actually closely related to previous theoretical studies on community assembly models [27–29]
in competitive communities. Although a given species might be a better competitor than others
present in the resident population, it can be shown that the invasion probability of a newly ar-
riving species is strongly context-dependent: it might invade under some circumstances and fail
under some others. Once the community has reached some degree of complexity, it can hardly
be invaded. A main difference between the model presented here and those previously proposed
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[23–26] is that previous models are based in the generally accepted assumption of a trade-off
between transmission rate and virulence. All these models optimize the basic reproductive rate of
the parasite, R0, instead of the within-host replication rate (equivalent to virulence for a lytic virus
like VSV), as we have done here. In [30] transmission rate is uncoupled from virulence by arti-
ficially sampling the viral population at the end of the within-host growth cycle and by trans-
mitting a constant amount of viral particles regardless of their transmission abilities. By doing so,
it was possible to specifically explore the role played by within-host replication and competition
between variants. As we stated before, our goal here was to provide a theoretical framework to
explain the results obtained in [30] and, therefore, the model here presented is valid for the case of
transmission rate not being subjected to the action of natural selection. Hence, this might result in
a less general model than others previously presented. The next obvious step in our research will
be to introduce differential transmission rates and explore the role of trade-offs between trans-
mission rate and within-host replication and competence. This step will be taken both experi-
mentally and theoretically.
The previous studies suggested a similar situation, in which the time delay before a new in-

fection takes place under the superinfection scenario prevented the success of the new invading
clone. Beyond the differences arising from the ecological and the host-parasite cases, it seems clear
that some of the limitation introduced by community assembly rules in communities of com-
petitors might well apply within our context. Here we further expanded the previous analysis
using well-defined mathematical models of multiple infection in which viral strains are represented
in terms of a time-dependent density function uðx; tÞP 0 evolving on a simple one-dimensional
fitness space. By using both standard diffusion and an integral operator with a continuous kernel
cðx; yÞ (that represents the probability of mutation from the type y to the type in the interval
ðx; xþ dxÞ) our previous predictions have been fully confirmed: coinfection dynamics are the most
efficient mechanism in promoting increasing levels of viral replication. This is the result of
competitive interactions under similar initial conditions, which enhances the selection of faster
replicators. Under superinfection, the population advantage taken by the resident strain makes
very difficult a successful invasion by the newly introduced strain and, as a consequence, it is
typically not better than simple infection.
Our model has been developed to explain the within-host competition dynamics between

variants of the same virus. However, it is a common and interesting problem in clinical virology
the existence of mixed infections between different types of viruses. For example, coinfection
between hepatitis B or C viruses (HBV or HCV, respectively) and human immunodeficiency virus
type-1 (HIV-1) is extremely common in hemophiliacs and injection drug-user. Conflicting results
had been reported for this case. Daar et al. in [55] found a significant increase in the rate of
progression to clinical AIDS and AIDS-related mortality in patients coinfected with HCV and
HIV-1 compared with patients singly infected with HIV-1, which might indicate a selection for
faster replicating HIV-1 strains, as predicted by our model. In some other cases, the interaction
between both viruses is indirect; HCV takes an advantage, increasing its load, as a consequence of
the HIV-1 induced immunosuppression [56,57]. In contrast, it has been suggested than neither
coinfection nor superinfection with HBV increases the rate of progression to AIDS [58]. Similarly,
it has been reported than during coinfection with HIV-1 and human herpesvirus 6 (HHV-6), the
presence of one virus appears not to modify the replication or cytopathicity of each other despite
the fact than both infect and replicate in CD4þ T cells [59]. These apparently contradictory results
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are clearly calling for models that help us to understand the population dynamics behind the
observed phenomena and to clarify what parameters are responsible for such differences.
A potential weakness for the applicability of our model to real in vivo viral populations is that

it ignores the density-dependence caused by immune responses as well as the spatial and temporal
heterogeneity that represents the different tissues that constitute a multicellular organism. Under
continuous mutation, changes in viral proteins that avoid elimination of the virus by immune
responses (antigenic variation) should constantly arise. These changes lead to a dynamic steady-
state of virus load with a rapid turnover of genotypes: genotypes are recognized by the immune
system and cleared but scape mutants are constantly produced that avoid this clearance. It has
been postulated that higher levels of antigenic variation produce higher virus loads constituted by
extremely polymorphic populations [60]. Hence, the balance between strain-specific and cross-
reactive immune responses controls and promotes the coexistence of viral strains [61]. Including in
our models this effect is one of our future research avenues.

Acknowledgements

The work has been supported by grants DGICYT PB98-0932-C02-02 to J.S., Generalitat
Valenciana GV01-65 to S.F.E., and CICYT PB97-0693 and The Santa Fe Institute to R.V.S. J.S.
thanks �AAngel Calsina for his helpful comments.

References

[1] E. Domingo, J.J. Holland, Mutation rates and rapid evolution of RNA viruses, in: S. Morse (Ed.), The

Evolutionary Biology of RNA Viruses, Raven, New York, 1994, p. 161.

[2] M. Eigen, Self-organization of matter and evolution of biological macromolecules, Naturwissenschaften 58 (1971)

465.

[3] B.-O. K€uuppers, Molecular Theory of Evolution, Springer, Berlin, 1985.
[4] A.S. Perelson, P. Nelson, Mathematical analysis of HIV-1 dynamics in vivo, SIAM Rev. 41 (1999) 3.

[5] M.A. Nowak, R.M. May, Virus Dynamics, Oxford University, Oxford, 2000.

[6] M. Eigen, J. McCaskill, P. Schuster, The molecular quasispecies, Adv. Chem. Phys. 75 (1989) 149.

[7] M. Eigen, J. McCaskill, P. Schuster, Molecular quasi-species, J. Phys. Chem. 92 (1988) 6881.

[8] E. Domingo, E. Martinez-Salas, F. Sobrino, et al., The quasispecies nature of viral RNA genome populations:

biological relevance––a review, Gene 40 (1985) 1.

[9] E. Domingo, J.J. Holland, C. Biebricher, M. Eigen, Quasispecies: the concept and the word, in: A. Gibbs, C.

Calisher, F. Garcia-Arenal (Eds.), Molecular Basis of Virus Evolution, Cambridge University, Cambridge, 1995,

p. 181.

[10] J.J. Holland, K. Spindler, F. Horodyski, E. Grabau, S. Nichol, S. VandePol, Rapid evolution of RNA genomes,

Science 215 (1982) 1577.

[11] M.A. Nowak, What is a quasispecies? Trends Ecol. Evol. 7 (1992) 118.

[12] P. Schuster, How do RNA molecules and viruses explore their worlds? in: G.A. Cowan, D. Pines, D. Meltzer

(Eds.), Complexity: Metaphors, Models and Reality, Addison-Wesley, Reading, MA, 1994, p. 383.

[13] E. Baranowski, C.M. Ruiz-Jarabo, E. Domingo, Evolution of cell recognition by viruses, Science 292 (2001) 1102.

[14] S.A. Kauffman, Origins of Order, Oxford University, Oxford, 1993.

[15] A.S. Perelson, S.A. Kauffman (Eds.), Molecular Evolution on Rugged Landscapes: Proteins, RNA and the

Immune System, SFI Studies in the Sciences of Complexity, vol. IX, Addison-Wesley, Redwood, CA, 1991.

158 J. Salda~nna et al. / Mathematical Biosciences 183 (2003) 135–160



[16] D.K. Clarke, E.A. Duarte, S.F. Elena, A. Moya, E. Domingo, J.J. Holland, The Red Queen reigns in the kingdom

of RNA viruses, Proc. Nat. Acad. Sci. USA 91 (1994) 4821.

[17] J. Quer, R. Huerta, I.S. Novella, L. Tsimring, E. Domingo, J.J. Holland, Reproducible nonlinear population

dynamics and critical points during replicative competitions of RNA virus quasispecies, J. Mol. Biol. 264 (1996)

465.

[18] R.V. Sol�ee, R. Ferrer, I. Gonz�aalez-Garc�ııa, J. Quer, E. Domingo, Red Queen dynamics, competition and critical
points in a model of RNA virus quasispecies, J. Theor. Biol. 198 (1999) 47.

[19] L. Van Valen, A new evolutionary law, Evol. Theory 1 (1973) 1.

[20] L.S. Tsimring, H. Levine, D. Kessler, RNA virus evolution via a fitness-space model, Phys. Rev. Lett. 76 (1996)

4440.

[21] C.L. Burch, L. Chao, Evolution by small steps and rugged landscapes in the RNA virus /6, Genetics 151 (1999)
921.

[22] C.L. Burch, L. Chao, Evolvability of an RNA virus is determined by its mutational neighborhood, Nature 406

(2000) 625.

[23] R.M. May, M.A. Nowak, Coinfection and the evolution of parasite virulence, Proc. R. Soc. Lond. B 261 (1995)

209.

[24] M.A. Nowak, R.M. May, Superinfection and the evolution of parasite virulence, Proc. R. Soc. Lond. B. 255 (1994)

81.

[25] J. Mosquera, F.R. Adler, Evolution of virulence: a unified framework for coinfection and superinfection, J. Theor.

Biol. 195 (1998) 293.

[26] M. van Baalen, M.W. Sabelis, The dynamics of multiple infection and the evolution of virulence, Am. Nat. 146

(1995) 861.

[27] J.A. Drake, The mechanics of community assembly rules, J. Theor. Biol. 147 (1990) 213.

[28] J.A. Drake, Communities as assembled structures: do rules govern pattern?, Trends Ecol. Evol. 5 (1990) 159.

[29] T.J. Case, Invasion resistance, species build-up and community collapse in metapopulation models with

interspecies competition, Biol. J. Linn. Soc. 42 (1991) 239.

[30] R. Miralles, R. Ferrer, R.V. Sol�ee, A. Moya, S.F. Elena, Multiple infection dynamics has pronounced effects on the
fitness of RNA viruses, J. Evol. Biol. 14 (2001) 654.

[31] J.J. Holland, J.C. de la Torre, D.K. Clarke, E.A. Duarte, Quantitation of relative fitness and great adaptability of

clonal populations of RNA viruses, J. Virol. 65 (1991) 2960.

[32] M. Alonso, S. Rodriguez, S.I. P�eerez-Prieto, I. Viral coinfection in salmonids: infectious pancreatic necrosis virus
interferes with infectious hematopoietic necrosis virus, Arch. Virol. 144 (1999) 657.

[33] S.G. Kamita, S. Maeda, Inhibition of Bombix mori nuclear polyhedrosis virus (NPV) replication by the putative

DNA helicase gene of Autographa californica NPV, J. Virol. 67 (1993) 6239.

[34] B. Wang, R.B. Lai, D.E. Dwyer, M. Miranda-Saksena, R. Boadle, A.L. Cunningham, N.K. Saksena, Molecular

and biological interactions between two HIV-1 strains from a coinfected patient reveal the first evidence in favor of

viral synergism, Virology 274 (2000) 105.

[35] J.D. Murray, Mathematical Biology, Springer, Berlin, 1989.

[36] �AA. Calsina, C. Perell�oo, Equations for biological evolution, Proc. R. Soc. Edinburgh 125A (1995) 939.

[37] �AA. Calsina, C. Perell�oo, J. Salda~nna, Non-local reaction–diffusion equations modelling predator–prey coevolution,
Pub. Mat. 38 (1994) 315.

[38] �AA. Calsina, S. Cuadrado, Small mutation rate and evolutionarily stable strategies in infinite dimensional adaptive
dynamics, Prepublicacions num. 26 (2001), Department of Mathematics, Universitat Aut�oonoma de Barcelona.

[39] P. Magal, G.F Webb, Mutation, selection, and recombination in a model of phenotype evolution, Discrete

Continuous Dynam. Syst. 6 (2000) 221.

[40] P. Magal, Mutation and recombination in a model of phenotype evolution, J. Evol. Eq. 2 (2002) 21.

[41] C.L. Lehman, D. Tilman, Competition in spatial habitats, in: D. Tilman, P. Kareiva (Eds.), Spatial Ecology: The

Role of Space in Population Dynamics and Interspecific Interactions, Monographs in Population Biology, vol. 30,

Princeton University, New Jersey, 1997, p. 185.

[42] K.P. Hadeler, Reaction telegraph equations and random walk systems, in: S.J. van Strien, S.M. Verduyn Lunel

(Eds.), Stochastic and Spatial Structures of Dynamical Systems, North-Holland, Amsterdam, 1996, p. 133.

J. Salda~nna et al. / Mathematical Biosciences 183 (2003) 135–160 159



[43] S.A. Levin, Some models for the evolution of adaptive traits, in: C. Barigozzi (Ed.), Vito Volterra Symposium on

Mathematical Models in Biology, Lecture Notes in Biomathematics, vol. 39, Springer, Heidelberg, 1980, p. 56.

[44] S.A. Levin, Models of population dispersal, in Differential Equations and Applications in Ecology, Epidemics, and

Population Dynamics, Academic Press, New York, 1981, pp. 1–18.

[45] D. Ridgway, H. Levine, D.A. Kessler, Evolution on a smooth landscape: The role of bias, J. Stat. Phys. 90 (1998)

191.

[46] S.F. Elena, A. Moya, Rate of deleterious mutation and the distribution of its effects on fitness in vesicular

stomatitis virus, J. Evol. Biol. 12 (1999) 1078.

[47] R. Miralles, P.J. Gerrish, A. Moya, S.F. Elena, Clonal interference and the evolution of RNA viruses, Science 285

(1999) 1745.

[48] S.A. Levin, S.W. Pacala, Theories of simplification and scaling of spatially distributed processes, in: D. Tilman, P.

Kareiva (Eds.), Spatial Ecology: The Role of Space in Population Dynamics and Interspecific Interactions,

Monographs in Population Biology, vol. 30, Princeton University, New Jersey, 1997, p. 271.

[49] A.S. Ackleh, D.F. Marshall, H.E. Heatherly, Survival of the fittest in a generalized logistic model, Math. Mod.

Meth. Appl. Sci. 9 (1999) 1379.

[50] T. Kato, Perturbation theory for linear operators, Springer, New York, 1966.

[51] R. Nagel (Ed.), One-parameter Semigroups of Positive Operators, Lecture Notes in Mathematics, vol. 1184,

Springer, New York, 1986.

[52] G. Greiner, A typical Perron–Frobenius theorem with applications to an age-dependent population equation, in:

F. Kappel, W. Schappacher (Eds.), Infinite-dimensional Systems, Lecture Notes in Mathematics, vol. 1076, 1983.

[53] L. Markus, Asymptotically autonomous differential systems, in: S. Lefschetz (Ed.), Contributions to the Theory of

Nonlinear Oscillations, Annals of Mathematics Studies, vol. 36, Princeton University, New Jersey, 1956, p. 17.

[54] A. Pazy, Semigroups of linear operators and applications to partial differential equations, in: Applied Mathe-

matical Sciences, vol. 44, Springer, Berlin, 1983.

[55] E.S. Daar, H. Lynn, S. Donfield, E. Gomperts, S.J. O�Brien, M.W. Hilgartner, W.K. Hoots, D. Chernoff, S. Arkin,
W.Y. Wong, C.A. Winkler, The Hemophilia Growth and Development Study, Hepatitis C virus load is associated

with human immunodeficiency virus type 1 disease progression in hemophiliacs, J. Infect. Dis. 183 (2001) 589.

[56] U. Spengler, J.K. Rockstroh, Hepatitis C in the patient with human immunodeficiency virus infection, J. Hepatol.

29 (1998) 1029.

[57] D.L. Thomas, J.W. Shih, H.J. Alter, D. Vlahov, S. Cohn, D.R. Hoover, L. Cheung, K.E. Nelson, Effect of human

immunodeficiency virus on hepatitis C virus infection among injecting drug users, J. Infect. Dis. 174 (1996) 690.

[58] A. Sinicco, R. Raiteri, M. Sciandra, C. Bertone, A. Lingua, B. Salaza, P. Gioannini, Coinfection and superinfection

of hepatitis B virus in patients infected with human immunodeficiency virus: no evidence of faster progression to

AIDS, Scand. J. Infect. Dis. 29 (1997) 111.

[59] A. Gobbi, C.A. Stoddart, G. Locatelli, F. Santoro, C. Bare, V. Linquist-Stepps, E. Moreno, N.W. Abbey, B.G.

Herndier, M.S. Malnati, J.M. McCune, P. Lusso, Coinfection of SCID-hu Thy/Liv mice with human herpesvirus 6

and human immunodeficiency virus type 1, J. Virol. 74 (2000) 8726.

[60] M.A. Nowak, R.M. May, Mathematical biology of HIV infections––antigenic variation and diversity threshold,

Math. Biosci. 106 (1991) 1.

[61] M.A. Nowak, R.M. May, Coexistence and competition in HIV infections, J. Theor. Biol. 159 (1992) 329.

160 J. Salda~nna et al. / Mathematical Biosciences 183 (2003) 135–160


	Coinfection and superinfection in RNA virus populations: a selection-mutation model
	Introduction
	Multiple infection dynamics in VSV populations
	Selection-mutation models
	An alternative selection-mutation model

	Selection dynamics
	Selection-mutation dynamics
	The model in an abstract form
	The solution and its asymptotic behaviour

	Superinfection vs coinfection
	Discussion and conclusions
	Acknowledgements
	References


