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1.1 Intr oduction

Complex multicellularorganismscontainlargegenomesn whicheachstructuralgeneis asso-
ciatedwith atleastoneregulatoryelementandeachregulatoryelementntegratesthe activity
of at leasttwo othergenes.The natureof suchregulationstartedto be understoodrom the
analysisof small prokaryoticregulationsubsystemandthe currentpictureindicatesthatthe
websthat shapecellular behaior are very complex. Actually, integration of extracellular
signalsofteninvolvesthe crosstalkbetweersignalcascadethathasbeensuggestedo share
somecommortraitswith neuralnetworks[1]. In arelatedcontext, detailedanalyse®f subsets
of interactinggenesrevealthatcell biology is highly modular[2]. Here*modules”aremade
up of mary specief interactingmoleculesandthe functionalrelevanceof thesesubnetds
highlightedby the obsenationthatthey areconseredthroughevolution.

In mary cases proteinscomposeddy multiple sukunits behae as switch-like elements
thatcanzip, for example from anactive to aninactive stateandback. The switchingbehaior
of thesecomplexes, togetherwith the underlyinginformation processinghat takes placeat
the network level, allows for a computationadescriptionof intracellularsignaling. In this
contet, onemight considersomekey featuresof standarccomputationakystemshatshould
applyhere.Oneparticularlyimportantaspecis theresilienceof the signalingnetwork under
differentsourcef perturbation.Theanalysisof mutationakobustnessn differentorganisms
revealedanextraordinarylevel of homeostasisn mary caseshetotal suppressionf agiven
genein agivenorganismleadsto a smallphenotypiceffect or evento no effectatall [3, 4].

Following the analogywith engineeredystemsthe immediateexplanationfor suchro-
bustnesswvould comefrom the presenceof a high degreeof redundang. Under mutation,
additionalcopiesof a given genemight compensaté¢he failure of the othercopy. However,
theanalysisof redundang in genomedataindicateshatredundangenesarerapidly lostand
thatredundang is nottheleadingmechanisntesponsibldor mutationalrobustnesg4].

Theoriginsof robustnesagainstmutationds particularlywell highlightedby theanalysis
of genome-widescaledataof thebuddingyeastSacharomyceservisiae[4]. Themaincon-
clusionof this studyis thatthe major causeof robustnessomesfrom theinteractionsamong
unrelatedgenes. This mechanismwould be illustratedby the following example: given a
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Figure 1.1: The domainof molecularinteractionamongp53 andMDM2 is shavn in this 3D
reconstructiof5]. MDM2 (herein cyan)bindsa speciEadomainof p53in aregion (hereshavn
in yellow) importantfor theinteractionof p53with component®f thetranscriptiormachinery

metabolicnetwork, completelyunrelatedenzymescan catalysedifferentreactionsbut con-
tribute to a pathway whosegoal is to sustainan optimal @ux of metabolites. Underthese
conditionsmutationsin genesncodingthoseenzymeswill have little or mild effects. Addi-

tionally, it is interestingto seethatmary examplesof experimentabiotechnologymanipula-
tionsinvolving thetinkering of oneor two genedail to reachthe expectedgoals:very often,
counterintuitve outcomesareobtained.

On the otherhand, mutationsinvolving somekey genescanhave very importantconse-
quencesThisis thecasejn particular of the p53tumorsuppressogene Figurel.1,whichis
known to play acritical role in genomestability andintegratesmary differentsignalsrelated
to cell-cycle or apoptosigcell death)[6]. This andothertumorsuppressogenespreventcell
proliferation (thuskeepingcell numbersundercontrol) but canalsopromoteapoptosis.The
exampleof p53is particularlyimportantbecausé is mutatedor thereis afunctionaldefectin
the p53 pathway in approximatelyhalf of humancancers.The p53 network (partially shovn
in Figurel.2)is quitewell-known in mammalsandinvolvesgeneghatcontrol, for example,
apoptosisthe developmentof blood vesselsor cell differentiation. The core of this netis
def£nedvy the feedbacKoop existing betweenp53 andits negative regulator the MDM?2 on-
coprotein. In invertebrategsuchas Drosophild homologuef p53 areknown to be active
throughoutearly developmen{7].

Thefactthatmary mutationshave little or no effect seemdo be consistentith the pres-
enceof geneghateithercannotpropagtetheir failure or whosefunction canbe replacedoy
otherpartsof thenet. The presencef somegeneghatintegratemultiple signalsandcantrig-
gerwidespreadhangesindertheir failure shavs thatthe underlyingnetwork includessome
highly-connectechubs. It seemgo be a compromisebetweenintegration and homeostasis
thatshouldbe obsenablewhenlooking atthe mapof interactionswithin the cellularnet.

Althougha completedescriptionof cellularnetworkswould requirethe explicit consider
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Figure 1.2: Schematiarchitectureof the p53 network. The p53 nodeintegratesinformation
from very different partsof the system. Only part of the cell circuitry is shavn here. For a
detailedpresentationseeRef. [8].

ationof dynamicstopologicalapproaches—imwhich only the staticarchitectureof the netis

considered—areften successfuin providing insightinto biological compleity. This s the
case for example,of somemodelsof ecologicalnetworks: in spitethatpopulationsauctuate
in time andchangesn biomassor productvity take placeat differentscalessomeof thefun-

damentakegularitiesexhibited by food webscanbe fairly well explainedby meansof static
approachef9]. Besidesthe comparisorof a wide rangeof complex networks (both natural
andarti£cial) revealsthat strongregularitiesare sharedby them, in spitethattheir underly-
ing componentsthe natureof their interactions andtheir time scalesarevery different. In

this chapterthetopologicalpatterndisplayedby thesenetworkswill beexplored.As will be
shown, the compromisebetweerstability andintegrationcanbe madeexplicit by looking at
thelarge-scaleorganizationof cellularnetworks.
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1.2 Cellular networks

Themolecularasisof geneticcontrolin cells, particularlyin eukaryoticcells(i. e. cellswith
nucleus)s oneof themostbasicactive areaof molecularcell biology. Of particularinterestis
theunderstandingf the regulationmechanismévolvedin the developmentof multicellular
organisms.In mostwell-knowvn casestudies suchasin thefruit oy Drosophilamelangaster
it hasbeenshavn that regulationamongthe genesthat control early development(suchas
fushi tarazu,Figure 1.3) takes placeat the transcriptionlevel [10]. The web of interactions
canbevery comple, andanexampleof asub-welof thegeneticnetassociatetb Drosophila
early developmentis shavn in Figure 1.3(b). Mutationsin genesassociatedo early stages
of developmenthave typically a strongeffect and sometimesasit occurswith the so-called
homeoticgeneq11], they resultin importantmorphologicakchanges.

Modelsof generegulationhave along historyin theoreticabiology[12, 13]. Thediscor-
ery of the mechanism®f transcriptionregulationin the Lac operonof E. coli wasfollowed
by the formulation of somesimple mathematicamodels[14]. Inspiredin early modelsof
neuralnetworks, a standardormulationof generegulationcanbe introducedby meansof a
dynamicalsystem:

dg (t)
dt

wherea setof n differentgeness deEned.Hereg = (g1;::;;gn) givesthe actiity stateof
eachgene.Degradationis introducedby thelastterm®; g,. Thefunction®©; [g] introducethe
natureandextentof the interactionsamongcomponentsAn exampleof suchtype of model
is:

= ol[g]i °ig; i=1:nn: (1.1)

0 1
X
% =0 @ Wwygt)i wAi Cig®); (1.2)
j=1
. . . . . P .
where®©! (x) is a sigmoidalfunction of the local £eld h; = i Wi g, b is a threshold,
andtheweightsW;; give the signandstrengthof the gene-genénteractions.Usuallythe set
W = fWj gis generatedrom agivendistribution4W) thatis assumedo besymmetricand
with zeromean.This type of netcandisplaya hugevariety of dynamicalpatternsjncluding
oscillationsand chaos[15]. But the really interestingbehaior (seebelon) comesfrom the
statisticalpropertiesderivedfrom the presencef phasdransitiong16] whentheconnectvity
is tuned.

Why to considerthis type of mathematicahpproximations?Someattemptsof building
large-scalemodelsof cellular netsbasedon nearrealistic descriptionshave failed to repro-
ducethewhole spectrunof dynamicalpatterngdisplayedby evensimplecontrolledsystems.
On the otherhand,somekey questionscan £nd powerful answersn the genericproperties
exhibited by simplerepresentationsf real nets[16]. As an example,a striking featureof
multicellular diversity is the surprisinglysmall repertoireof cell types,given the potentially
astronomicdiversity of cell statesthat would be obtainedfrom the combinatoricsof gene
stateg17]. Assumingthatthe numberof genesin a multicellularorganismis N ¥4 10, 2V
differentpossiblestatesare available. Yet, if cell typesare consideredasindicatorsof gene
expressiorstatespnly 200; 300statesareactuallyrealized.
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Figure 1.3: (a) Spatialpatternof actiity of a givengeneinvolvedin Drosophiladevelopment
(the so-calledfushi tarazugene(FTZ); seealsoFigure 1.2). The darker areascorrespondo

higherlevelsof actvity of FTZ, indicatingwhatcellsareexpressingt. Cell-to-cellinteractions
generatehis setof stripeswith a characteristid¢ength. In (b) anexampleof arealgenenetwork

is shawvn. It includessomepart (i.e. a directedsubgraph)pf the geneticnetinvolvedin the de-

velopmenbf Drosophilasy. Thenamesof thegenesnvolvedareindicated suchasFTZ=fushi

tarazu.Only the connectionsreshovn, nottheir sign.

In this sectionwe will summarizesomekey featuresof this type of dynamicalsystemsy
consideringhe richnessof their attractorsvhenlow-dimensionahetsareused. Afterwards,
thegenerakcenarianvolving alargenumberof geneqi.e. largenetworks)will beconsidered.

1.2.1 Two-genenetworks

Theminimal numberof geneseededn orderto obtainarich spectrunof behaioral patterns
is given by two elementsin interaction,althoughsingle-genanodelswith the appropriate
nonlinearitiescan alsodisplay complex dynamicbehaior [18]. Two-genemodelsallow to
understangbarticularlyimportantproblems suchasthe dynamicsof virus-cellinteractionsn
bacterid19]. An exampleis thefollowing two-genesystemwith noself-interactiondescribed
by theequations:

do  _ Wai1Q .

at - 1+ Worgp ' % (1.3)
dgz _ legl

a1+ Wiog | (2.4)

The £xed pointsareeasilyfound; togethemwith thetrivial £xed point, P5 = (0; 0) we geta
seconchontriial pointP; = (g7;d;) givenby:
® ®

Wi, + - % = Wor + - ; (1.5)

o =
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whosestability canbe easilydeterminedHere- = #Wy, W1, and® = ¥W,, W1, i 1. The
eigervaluesassociatedo the Jacobimatrix for this systemfor P; = (0; 0) are

p__
.5 =i 18+ WippWa, (1.6)

andthusthis point will be stableif ip W1,W,1 < 1. Thereis anexchangeof stability and
P becomestablewhenthe previousconditiondoesnothold (i. e. atranscriticalbifurcation
takesplace)[22].

Whenself-interactiongrealsoconsideredi. e. W;; 6 0) severalattractorsanbepresent
asa consequencef the competitionbetweerpositive feedbacksandmutualinhibition. One
particularcaseis given by networks suchthatthe matrix of connectiondV is symmetric,of
theform:

p, T
w= - 5 ; (1.7)

with — 2 IR and® > 0. In otherwords,whenthereis self-actvation by both genesplus
crossinteractionswhich canbe positive or negative. Thelateris a very commonsituationin
realmorphogenetiprocesseandis stronglyrelatedwith the procesf competitionbetween
speciesn ecosystems.
Thestability analysisof thisgeneraproblemcanbeperformedoy usingthegenerallacobi
matrix:
1

U
®i=_2%2i 1 @,

L= Po T g (1.8)

wherez; © 1+ ®g + ¢. For > 0, themutualreinforcemenbetweerbothgenedeads
to the samestate(indicatedashoma@eneousn Figure1.4). Hereg; = 0; = [H(®+ ) |
15(®+ ) andit is stable(this point disappearat = (1 +°)=8. For < j 1, the
self-interactionis unableto sustaingeneactivity andit decaygo zero. Finally, aninteresting
domainis obseredfor (1| +°)=t> =~ > 0, wherethreeattractorsarepresenithe previous
one,whereboth coexist, andtwo exclusionpoints). In Figure1.4(b)we shov anexampleof
the mow £eld for the 3-attractordomain. We canseethattherearethreebasinsof attraction
associatetl eachpossibleEnal state(Exed point).

Theseresults,in particularthe presencef multiple attractordor someparameteranges,
arespeciallyimportantwithin thecontext of developmen{20, 21]. In mary caseshebehaior
of cellsthatbecomedifferentiateds very similar to thatof a switch. By dependingpn initial
conditionsor external perturbationsyhich might emege from someothergenesn the net-
works, the systemcanreachoneor anotherbasinof attractionandthusa different£nal state.
More importantly it hasbeenshavn that somewell-de£ned small setsof interactinggenes
(so-calledmodules),areresponsibldor specifcspatialpatternsemeping in morphogenetic
processef20, 21]. As aconsequencaotonly singlegenesput modulescanbethetargetof
selection.

1.2.2 Random networks

Beyond the specifcwiring diagramsthat canbe consideredn small-sizedgeneticnets,the
studyof largeN netshasbeendominatedby randomly-wiredsystemq16]. Heregenesare
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Figure 1.4: Multistability in genenetwork models: (a) bifurcationdiagramfor the two-gene
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involved (seetext); (b) row diagramof themodelfor ~ = j 0:15, in thethree-attractodomain,
indicatedas3stablein (a).

connectecitrandom with anaveragenumberof z connectionpergene.An extensve litera-
ture on randomBooleannetworks hasshovn thata numberof genericfeaturesarecharacter
istic of thesenetsasa consequencef the presenc®f phasdransitionphenomenan random



10 1 Comple Networksin Genomicsand Proteomics

graphd23].

In orderto illustratethis idea,let usconsideragraph- ., thatconsistsof n nodesoined
by links with someprobability p. Specifcally eachpossiblelink betweentwo given nodes
occurswith a probability p. The averagenumberof links (alsocalledthe averagedegreé of
agivennodewill bez = np, andit canbe easilyshavn thatthe probability P (k) thatanode
hasadegreek (it is connectedo k othernodes)ollows a Poissordistribution,

Al

k!”

This so-calledErdés-Reni (ER) randomgraph[24] will be fairly well characterizedy an
averagedegree

P(k)= @ ? (1.9)

X
ki = kP(K) = z; (1.10)
k

whereP (k) shavs a peak. Thedistribution P (k) is in this sensea single-scaledlistribution
[25] andanexampleis shavn in Figurel.5(a).

TheERmodeldisplaysaphasdransitionatagivencritical averagedegreez. = 1[23, 26].
At this critical point, a giant componenforms: for z > z. alarge fraction of the nodesare
connectedn asingleclusteyr whereador z < z. thesystenis fragmentednto smallsubwebs.
This type of randommodelhasbeenusedin differentcontets, includingecological genetic,
metabolic,and neuralnetworks [26]. The importanceof this phasetransitionis obviousin
termsof the collective propertiesthat ariseat the critical point: communicatioramongthe
whole systembecomegossible,andthusinformationcancow from the units to the whole
systemandback. Besidesthe transitionoccurssuddenlyandimpliesaninnovation. No less
important,it takesplaceatalow costin termsof the numberof requiredliinks (» N).

The ER modelcanbe extendedto directedgraphsand hasbeenanalyzedby Kauffman
within the context of geneticregulatory networks [16]. In the languagepresentedn sec-
tion 1.2, thiswill correspondo a network in which genesarerandomlyconnectedandreg-
ulatedby anaverageof z othergenes.This meanshattheN £ N matrix W = fW; g will
have zN 2 nonzeroelementsgdistributed at random. The probability that a geneis regulated
by exactly k othergeneswill bethengivenby thedistribution (1.9). Beyondthespecif£dime-
dependenteaturesassociatedo the particularmodelchosenpneimportantcharacteristiof
thesesystemss the presencef the percolatiorthreshold:oncea critical averageconnectvity
z. = 1 (theratio of directedlinks to genes)is reachedthe systembecomesuddenlycon-
nected.Below the critical thresholdthe systemis essentiallydisconnecte@ndthuschanges
in a given genecannotpropagteto the restof the system. The presencef the percolation
thresholdallows the systemto exhibit acomplex dynamicalbehaior, includingdeterministic
chaosFigurel.5(b).

Oneconsequencef thesemodels(but stronglytied to thetopologicalpropertiesof sparse
randomgraphs)is thata high diversity of attractorscompatiblewith a high degreeof home-
ostasisseemdo naturallyemepe closeto the percolationthreshold.However, early evidence
indicatedthatthe degreedistributionsthat characterizeeal geneticnetsarefar from Poisso-
nian. Actually, aswe will seein sectionl.4, thetopologyof real networks stronglydeparts
from the Erdés-Renyi scenario.
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Figure 1.5: (a) An exampleof a directedrandomnetwork with Poissoniarstructure. Hereeach
nodeis a genein a modelgenenetwork andarrows indicatethe regulatory connections.This

type of graphis characterizedby an averagedegreez; togetherwith the appropriatenonlinear
couplingamonggenesit cangeneratdifferenttypesof dynamicalpatterns,ncluding deter

ministic chaos.An exampleof the strangeattractorobtainedirom thesenetsis shavn in (b) in

two differentviews.

1.3 Threeinterconnectedlevelsof cellular nets

Generegulationtakesplaceat differentlevels andinvolvesthe participationof proteins.The
whole cellularnetwork includesthreelevels of integration:

2 Thegenomeandtheregulationpathwaysde£nedoy interactionsamonggenes;
2 Theproteomede£nedy the setof proteinsandtheir interactionsand
2 Themetabolicnetwork, alsounderthe control of proteinsthatoperateasenzymes.

Unlike the relatively unchanginggenome the dynamicproteomechangeghroughtime
in responsdo intra- and extracellularervironmentalsignals. The proteomeis particularly
important. Proteinsunify genomestructureon the one handand functional biology on the
other:they areboththe productsof genesandregulatereactionsor pathways.

Complicatingthe studyof genefunctionis thefactthatmultiple proteinscanarisefrom a
singlegene.In eukaryoticorganisms genesappealfragmentednto pieces(exons)separated
by non-codingdomaing(introns). After transcriptiontheresultingmessengeRNA (mMRNA)
is generatedby the excisionandeliminationof intronsfollowedby thejoining of exons. This
processs calledsplicing Oncethe mRNA is formed,it will betranslatednto a proteinby
thetranslatiormachinery
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A very importantfeatureis that splicing canoccurin differentwayssothatdifferentsets
of exonsarejoinedtogether In this way, differentmRNA's (andthusdifferentproteins)are
produced. The combinatorialpotentialof this so-calledalternative splicing is obvious. In
somecasesthousand®f differentproteinsarepotentiallyavailablefor a givengene.

Alternative splicingexpandsgenomecompleity in anextraordinaryfashion.In this con-
text, althoughthe genomef comple organismsmight not stronglydiffer in termsof their
numberof genesthe underlyingproteomecompleity canbe very different. As will be dis-
cussedn the next sectionsthe actualstructureof proteinnetworks is shavn to be strongly
heterogeneousndshareseveralpreviously unsuspectettaitswith mary differentsystems.

1.4 Smallworld graphsand scale-freenets

Theanalysisof thetopologicalstructureof proteininteractionrmaps(in thebuddingyeastSac-
charomycescerevisiae andothersimple organisms)revealeda surprisingresult: the protein-
protein interactionnet sharessomeuniversalfeatureswith the topological organizationof
othercomple nets,both naturalandarti£cial, rangingform technologicahetworks [27, 25,
28, 29], neuralnetworks[30], metabolicpathways[31, 32, 33], andfood webs[34, 35] to the
humanlanguagegraph[36]. Thesestudiesactuallyoffer the £rstglobalview of the proteome
mapandshaw thatit stronglydepartsfrom the simpleErdés-Relyi scenario.

The£rstfeaturecharacteristiof theproteomemapis thattheprobabilityP (k) thatagiven
proteininteractswith otherk proteinshasa scale-fee(SF)nature;.e. it follows apower law,
P(k) » ki, with a sharpexponentialcut-off for large k. Thusmostproteinshave a small
numberof links with otherproteinsanda few of themarehighly connectedhubg. Thoselast
onesarelikely to bevery importantto cell function[37, 38, 6].

Thesecondeatureis thepresencef theso-calledsmallworld (SW) property[30, 39, 40].
Smallworld graphshave anumberof surprisingfeatureghatmake themspeciallyrelevantto
understandhow interactionsamongindividuals,metabolitespr speciedeadto therobustness
andhomeostasisbsenedin nature.The SW patterncanbe detectedrom theanalysisof two
basicstatisticalpropertieof thenetwork®: (a)theclusteringcoeEcientC and(b) theaverage
pathlength®.

The proteomegraph(seeFigure1.6) is de£nedby apair- , = (Wp; Ep), whereW, =
fpig (i = 1;:;N) is the setof N proteins(nodes)andE, = ff pi;p; gg is the set of
edges/connectionsetweenproteins. The adjacencymatrix »; indicatesthat an interaction
existsbetweerproteinsp;; p; 2 Wy (% = 1) or thattheinteractionis absen(>»; = 0). Two
connectegroteinsarethuscalledadjacentandthe degreek; of a givenproteinis thenumber
of edgeghatconnecit with otherproteins.Let usconsidertheadjaceng matrix andindicate
byii = fp j» = 19 thesetof nearesheighborsof a proteinp; 2 W,. The clustering
coeEcientfor this proteinis def£nedasthe ratio betweenthe actualnumberof connections
betweertheproteinsp; 2 j i, andthetotal possiblenumberof connectionsk; (ki i 1)=2 [30]

1Sincethe proteomemapis adisconnectedietwork, thesequantitiesareactuallyde£necbn the giant component
de£nedasthelargestclusterof connectediodesin the network [23].
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i1 X(i1,i3)

Figure 1.6: Measuringheclusteringfrom aproteomegraph- ,. Hereeachnode(blackcircles)
is a proteinandphysicalinteractionsareindicatedby meansof edgesonnectinghodes.

(seeFigure.1.6). Denoting

" #
X X
Li = j Yk (1.11)
i=1 k2

we de£netheclusteringcoeEcientof thei-th proteinas

2L,

0= L

(1.12)
wherek; is thedegreeof thei-th protein. The clusteringcoeEcientis deEnedasthe average
of C(i) overall theproteins,

X
c==" c): (1.13)
i=1

The averagepathIength;L is deEnedasfollows: Giventwo proteinsp;;p; 2 W, let ' be
thelengthof theshortespathconnectinghesewo proteins following thelinks presentn the
network. Theaveragepathlength® is defnedhs:

: 2 X

RN, o

For the ER graph,we have a clusteringcoeEcientinverselyproportionalto the network
size,Cer ¥ z=N; thisis a very small quantity thattendsto zerofor large networks. The
averagepathlength, on the otherhand,is proportionalto the logarithm of the network size
*er Y log(N)=log(z). At the otherextreme,regular latticeswith only nearest-neighbor
connectionemongunitsaretypically clusterecandexhibit along averagepathlength. Graphs
with SW structureare characterizedy a high clustering,C A Cgr, while possessingn
averagepathcomparablao an ER graphwith the sameaverageconnectvity and numberof
nodes,' ¥ 'gr.

The experimentalbbsenationson the proteomenapcanbe summarizedsfollows:
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Figure 1.7: (b) Cumulateddegreedistribution for the yeastproteomemapfrom Ref.[37]. The
degreedistribution hasbeen£ttedto the scalingbehaior P (k) ¥4 (ko + k)i “ el k¢ with an
exponent® ' 2:6 andasharpcut-off ke * 15.

1. Theproteomemapis asparseraph,with asmallaveragenumberof links perprotein.In
Ref.[41] anaverageconnectvity z » 1.9 2:3 wasreportedfor theproteomemapof S.
cervisiae This obserationis alsoconsistenwith the studyof the global organization
of theE. coli genenetwork from availableinformationontranscriptionategulation[42].

2. It exhibits a SW pattern differentfrom the propertiedisplayedby purely random(ER)
graphs. In particular Ref. [41] reportedthe valuesC = 2:2£ 10 ? and® = 7:14, to
be comparedvith the valuescorrespondingo an ER network with comparablesizeand
averageconnectiity, Cer = 1£ 10 3 and*sr = 80.

3. Thedegreedistribution of links follows a powerlaw with a well-deEnedcut-off. To be
moreprecise Jeongetal. [37] reporteda functionalform for the degreedistribution of
S.cerevisiae

P(K)' (ko+ k)i “el Kke: (1.15)

Parameterseportedn Ref.[37] areko ' 1, ° ¥ 2:4andacut-off ke ¥4 20. In Figurel.7
we checkthis functionaldependencen the cumulateddegreedistribution of the protein
mag usedin Ref.[37]. A £t to theform (1.15)yieldsthevaluesko ' 1:1, ke ' 15,
and® = 2:68§ 0:2, compatiblewith theresultsfoundin [37, 41]. This particularform of
thedegreedistribution could have adaptve signiEcancesa sourceof robustnessagainst
mutations.

Thehighly heterogeneousharactenf thesemapshasimportantconsequencesithin the
contet of molecularcell biology [32, 6]. It indicatesthatthe evolution of proteome/genome

2Dataavailableat thewebsite http://www.nd.edu/ » networks/database/index.html
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compl«ity hasbeendriventowardsa well-deEnedopologicalpatternthat providesthe sub-
stratefor anextraordinaryhomeostatistability againstrandommutationalevents.

1.5 Scale-freeproteomes:geneduplication models

Several modelshave beenproposedn orderto explain the regularitiesdisplayedby the pro-
teomemap(44, 45, 46]. Thesemodelsof proteomeavolution arebasedn a geneduplication
plus rewiring procesghatincludesthe basicingredientsof proteomegrowth andintendsto
reproducehe previoussetof obsenations.The £rstcomponenbf the modelsallows the sys-
temto grow by meansof the copy procesf previousunits (togethemwith theirwiring). The
secondntroducesnovelty by meansof changesn the wiring pattern,usuallyconstrainedo
the newly createdgenes.This constraintis requiredif we assumehat conseration of gene
(protein)interactionds dueto functionalrestrictionsandthatfurtherchangeén theregulation
maparelimited. Suchconstraintwould be stronglyrelaxed wheninvolving a newly created
(andredundantlunit. The modelsproposedso far are intendedto capturethe topolagical
propertiesof the proteomeamnap.No explicit functionalityis includedin the descriptionof the
proteinsandthisis certainlya dravback. But by ignoringthe speciEdeaturesof the protein-
proteininteractionsandthe underlyingregulationdynamics,onecanexplore the questionof
how muchthe network topologyis dueto theduplicationanddiversi£catiorprocesses.

In this chapterwe will focusin particularin the modeldescribedn Refs.[45, 46]. This
modelconsidersingle-gena&uplicationswhich occurin mostcaseslueto unequakrossoer
[47], plusre-wiring. Multiple duplicationsshouldbe consideredn future extensionsof these
models: molecularevidenceshaws that even whole-genomeduplicationshave actually oc-
curredin S.cerevisiae[48] (seealsoRef. [49]). Re-wiring hasalsobeenusedin dynamical
modelsof theevolution of robustnessn comple organismg50].

Theproteomegraphatary givenstept (i.e. aftert duplicationsywill beindicatedas- ,(t).
Therulesof themodel,summarizedn Figurel.8,areimplementedasfollows. Eachtime step:
(a) onenodein thegraphis randomlychoserandduplicated;(b) thelinks emeging from the
new generatechodeare removed with probability +; (c) £nally, new links (not previously
presentranbe createdbetweerthenen nodeandall therestof the nodeswith probability ®.
Step(a) implementsgeneduplication,in which both the original andthe replicatedproteins
retain the samestructuralpropertiesand, consequentlythe sameset of interactions. The
rewiring steps(b) and (c) implementthe possiblemutationsof the replicatedgene,which
translatanto the deletionandadditionof interactionswith differentprobabilities.

1.5.1 Mean-£eldrate equationfor the averageconnectvity

Sincethe modeljust presentedhastwo free parameterspamelythe deletionprobability+ and
the additionprobability ®, onepreliminarytaskis to constraintheir possiblevaluesby using
the availableempiricaldata. Oneaveragepropertythat canbe determineds the evolution of
theaveragenumberof interactiongerprotein/genghroughtime, which canbecomparedvith
theevidencefrom realproteome$37, 41], aswell asrecentanalysiof large-scalgerturbation
experimentg51].
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Figure 1.8: Growing network by duplicationof nodes. First (a) duplicationoccursafter ran-
domly selectinga node(arron). Thelinks from the newly createchode(white) now canexpe-
riencedeletion(b) andnew links canbe createdc); theseeventsoccurwith probabilitiest and
®, respectiely.

Let usindicateby zy andLy the averageconnectiity of the systemandits number
links, respectrely, whenit is composedy N proteins.Thesemagnitudesatisfytherelation
Ln = zy N=2. It is easyto check(seealsoRef.[44]) that,ata mean-£eldevel, thatnumber
of links Ly ful£ll thefollowing rateequation

Ln+t =Ln+2v +®&Nj zv)i #2n; (1.16)

wherethe last two termscorrespondo the additionof links to a fraction®to theN  zy
units not connectedo theduplicatednode,plusthe deletionof ary of thenew zy links, with
probability+. Usingthe continuousapproximation

dz

ﬁ' ZN+1 i 2N (1.17)
Eq. (1.16)canbewritten

dz 1

ﬁ = W[zN +2®(Nj zv)i 2¢2n]; (1.18)
whosesolutionis

® H ® T
zN:®+iN+ 71 o Nt (1.19)

wherej = 1j 2(®+ %) andz; istheinitial connectvity atN = 1. For ary constanvalueof
®andz this modelleadsto anincreasingconnectvity throughtime. In orderto have a£nitez
in thelimit of large N , onepossiblesolutionis to imposeanadditionrate® thatis a function
of thesizeof the network, with theform

®N) = ﬁ; (1.20)
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where  is a constant. Thatis, the rate of additionof new links (the establishmenof new
viable interactionsbetweenproteins)is inverselyproportionalto the network size,andthus
much smallerthanthe deletionrate+, in agreementvith the ratesobseredin [41]. In this
casefor largeN , thedifferentialrateequation(1.18)equatiortakesthe form

dZN 1 2
— = —(1j 28zy + —: .
aN - N B+ (1.21)
Thesolutionof this equationis
_ M _ 1
2 2 .
_ + . N i 2% 1.22
N 2+ 1 = 2+ 1 ( )

For £ > 1=2 a£niteconnecwity is reachedn thelimit of alarge network,
P 2
z lim zy

N1 - 2+ T (1.23)

In orderto reducethe numberof independenparametersf the model, Ref. [45] used
the availableexperimentaldatato estimatehe averagedegreez andtheratio of additionand
deletionratesin the yeastproteome,®=+ [41] to £nd a relation between and +, which,
togetherwith Eq. (1.23), yields a numericalestimateof = and+. Sinceit is clearthatthis
estimates stronglydependentntheassumedalue®=4, Ref.[46] followedamorepragmat-
ical approachgonsideringa +-dependentodeland£xing theactualvalueof + by comparing
numericalsimulationswith experimentadata.

1.5.2 Rateequationfor the nodedistrib ution ny

Therateequatiorapproacho evolving networks[52] canbefruitfully appliedto theproteome
modelunderconsideratiorf46]. This approachHocuseson the time evolution of the number
nk (t) of nodesin the network with exactly k links attime t. De£ningour network by means
of the setof numbersy (t), we have thatthetotal numberof nodesN is givenby
X
N = Nk; (1.24)
k

while thetotal numberof links is givenby

1 X
L= > kny: (1.25)

k
Timeis dividedinto periods.In eachperiod,t ! t+ 1, onenodeis duplicatedatrandom,
sothatN ! N + 1. If, aftereachduplication,thereis a probability + to deleteeachlink

from thejust-duplicatechode,the probability of increasinghe numberof nodesat degreek,
by directduplicationwithout link deletion,is givenby

n
Preaiaup [N | M+ 1= TE(L i ka): (1.26)
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Ontheotherhand,a nodeof degreek canbecreatedrom the duplicationof a nodeof degree
k + lin whichalink is deletedcontrituting with a probability

LS W (1.27)

Prabovedup [Nk ! Nk + 1] = N

The probability of degreechange from duplicationof a nodeconnectedo a degreek node,
is givenby:

”m%kinuiﬂ: (1.28)

Pr other :dup [(n; ;)b (g 20 Ling+ 1)]=

Finally, in thesameperiod,we proceedo addN i kq links with probability®= =~ =N, where
kq istheconnectvity of thejustduplicatechode.In thelimit N A kg, we cansimply consider
the additionof N® = ~ new links to the graph. Whenthis last stepis performedwith the
correlatedprescriptiongivenfor themodel(i.e. addinglinks from the duplicatednhodeto the
restof the nodesin the graph),it leadsto a nonlocalrate equationfor the functionsny [46].
For the sale of simplicity, we will considemow the simplercaseof a uncorrelatedaddition
of links (new links createdbetweenrary two nodesin the graph). However, it canbe proved
thatbothprescriptiondeadqualitatively to similar results[46].

The caseof uncorrelatedadditionof links canbe representedsthe distribution of 2®N
new link endsamongtheN nodesin the network. This eventcontrituteswith a probability

n Ny —
Praca [(Ninsa) ! (i Lingey + D] = 120N = 027, (1.29)

Theprobabilities(1.26),(1.27),(1.28),and(1.29)de£netherateequatiorfor theconnectvity
distribution

dng(t n + 1
) By 2 s D 1 knd+ LG D 1k
o
g M ni: (1.30)
Sinceeachtime stepanew nodeis added Eq. (1.30)satisEeshe condition
dN X dng(t)
— = =1 1.31
& a Y (131)

thatyieldsthe expectedresultN (t) = Ng + t, whereNg is theinitial numberof nodesin the
network. In orderto solve Eq.(1.30),weimposethehomogeneousonditiononthepopulation
number

Nie(t) = N(pc " toi; (1.32)

wherepy is the probability of £ndinga nodeof connecwity k, which we assumeo beinde-
pendenbf time. With this approximationtherateequatiorreads

(kK+ Dpesr i (kK+ 2 )pe+ [(ki D(@§ 2+ 2 Jp 2= 0 (1.33)
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Eq. (1.33) canbe solved usingthe generatingunctionalmethod[53]. Let us de£nethe the

generatindunctional
i X
Ax)=  x¢p: (1.34)
k

Introducingthis de£nitioninto Eq. (1.33),we obtainanequatiorfor A(x), whosesolutionis

IR CTIE NS

A(x) = 1.35
(x) 2e 1 (1.35)
Knowing A(x) we cancomputeémmediatelythe averageconnectvity
X . dAXX) - 2"
z= k kpk ~ X x T o 1 (1.36)

in agreementvith the mean-£eldredictionof Eq. (1.23). On the otherhand,performinga
Taylor expansionof A(x) aroundx = 0 we canobtainpy as

_ 1 dAx)-
TR Tax L,

Applying this formulato the function (1.35),andusing Stirling's approximatiorfor largek,
we canobtainthe asymptoticbehaior of py, givenby:

P » (ko + k)i el KKe; (1.38)

(1.37)

with
2 1 .

; ke = ——": 1.39
T e (1.39)

°=iko=1i

As we canobsene from the previousresult,we recover the samefunctionalform experi-
mentallyobseredin [37]. However, it isimportantto noticethatfor all the parameterangein
whichthe exponentialcut-off k. is well-de£nedye obtaina valueof the degreeexponent,as
givenby Eq. (1.39),thatis° - 1. Thesameresultholdswhenconsideringhe rateequation
for thecorrelatednodel,in whichthelink additionis fully correlatedwith thenew duplicated
node[46]. This resultis unsatisctory becausét doesnot correspondvith the resultsfrom
numericalsimulationsof the model[46]. This discrepang is explainedby the factthatthe
N ! 1 solutionpresentedhasonly meaningfor + > 1=2 (seeEq. (1.36)). Yet the master
equationwas de£nedon the basisof an independentiygnt approximationthat only makes
sensefor + ¢ 1. The masterequationitself shouldbecomevalid for + ! 0, but thenthe
convergenceresultsassume@atN ! 1 seemquestionableasindicatedby thefactthatwe
getananalytic,but negative, z.

Thereis, however, somethinggualitative still to be learnedfrom theseequationsjn the
neighborhoof £ » 1=2, small”. Thisis a neighborhoodvherethe convergenceresultsat
largeN still give sensibleanswersevenif they arenot quantitatvely correctdueto maginal
approximationdn the underlying masterequation. Yet at the sametime, sincethis is the
smallestvalueof + wherewe cangetanswersit is theonewherethe masterequationve have
constructeds likely to bethebestapproximatiorto themuchmorecomplicatedrue equation
(onewith frequentcoupledevents).



20 1 Comple Networksin Genomicsand Proteomics

3.0
3
k3
25+ K3
3
K3
o 2.0 EE §
3
3

%
1) 5y 4T
5 4

1.0

a)

0.50 0.52 0.54 0.56 0.58
d

Figure 1.9: a) Degreeexponent® asafunctionof thedeletionrate+ from computeisimulations
of the proteomemodelwith averageconnectiity z = 2:5. Network sizeN = 2 £ 10°. The
degreedistributionsis averagedver 1000differentnetwork realizationsb) Degreedistribution
for thesamemodel,+ = 0:562, averagedover 10000differentnetwork realizations The distri-
bution canbe £ttedto theform P (k) ¥ (ko + k)' ~ e ¥ ¢ with anexponent® = 2:5§ 0:1
andasharpcut-off ke ' 37.

1.5.3 Numerical simulations

The proteomemodelde£nedn sectionl.5 dependsffectively on two independenparame-
ters: the averageconnectiity of the network z andthe deletionrate of nenly createdinks

+, beingthe additionrate” computedrom Eq. (1.23). The averageconnectiity canbe esti-
matedfrom theexperimentakresultsfrom realproteomemaps.Thedataanalyzedn Ref.[37]

yieldsavaluez ' 2:40. As a safeestimate,onecanimposethevaluez = 2:5 [46], and
considervaluest > 1=2, in accordancevith Eq. (1.23). In spite of the dravbacksof the
analyticalstudy of the model, section1.5.2,one shouldexpectthe modelto yield, for each
valueof %, thefunctionalform Eq. (1.38)for the degreedistribution, with a degreeexponent
° whichis afunction of + (for a £xed averageconnectiity z = 2:5). Fromnumericalsim-

ulationsof the modelone canthencomputethe function ° (+) andselectthe value of + that
yields a deggreeexponentin agreementvith the experimentalobsenations. Fig 1.9(a)showvs
valuesof ° estimatedrom thefunctionalform (1.38)for thedegreedistribution obtainedrom

computersimulationsof model,averagingover 1000network of sizeN = 2 £ 10° nodesof
thesameorderof thosefoundin themapsanalyzedn Ref.[37]. Apartform aconcae region
for £ very closeto 1=2, ° is anincreasingfunction of +. The valueof + yielding the degree
exponentclosesto the experimentallyobseredoneis then

+= 0:562 (1.40)

In Figure1.10(a)we shav thetopologyof the giantcomponenbf atypical realizationof
the network modelof sizeN = 2 £ 10°. This Figureclearlyresembleshe giantcomponent
of arealyeastetworks,aswe canseecomparingwith Figure1.10(b¥; we canappreciatéhe

3Figurekindly providedby W. Basalaj(seehttp://www.cl.cam.uk/ » wh204/GD99/#Mewes ).
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Figure 1.10: a) Topologyof the giantcomponenbf themapobtainedwith the proteomemodel
with parameterski = 2:5and+ = 0:565. Network sizeN = 2 £ 10°. b) Topologyof areal
yeastproteomemapobtainedrom the MIPS databas@43].

Table 1.1: Comparisorbetweenthe obsered regularitiesin the yeastproteomereportedby
Wagner[41], thosecalculatedfrom the proteomemap usedby Jeonget al. [37], the model
predictionswith N = 2000, + = 0:562andz = 2:50, anda ER network with the samesize
andconnectvity asthemodel.

Wagnersdata Jeongsdata Proteomanodel ERmodel

z 1:83 2:40 248 0:6 2:508 0:05
° 2.5 2:4 258 01 —

C 2:2£ 10 2 7:1£ 10 2 L.0f 10 2 1£ 103
* 7:14 6:81 558 0.7 808§ 0:2

presencef a few highly connectechubsplus mary nodeswith a relatively small numberof

connectionsin closeresemblancef therealproteomamap. Onthe otherhand,Figure1.9(b)
shavs the connectvity P (k) obtainedfor networksof sizeN = 2 £ 10°, averagedof 10000
realizationsfor + = 0:562 In this Figurewe obsere thatthe resultingconnectity distribu-

tion canbe £ttedto a power-law with anexponentialcut-off, of theform givenby Eq. (1.38),

with parameter§ = 2:58 0:1andk. ' 37, in fair agreementvith themeasurementeported
by [41] and[37].

Finally, Table1.1 reportsthe valuesof z, °, C, and* obtainedfor the proteomemodel,
comparedwith the valuesreportedfor the yeastS. cerevisiae by Ref. [41], thosecalculated
for the map usedin Ref. [37], and thosecorrespondingo an ER randomgraphwith size
andaverageconnectiity comparablewith boththe modelandthereal data. All the magni-
tudesdisplayedby the modelcomparequite well with the valuesmeasuredor theyeast,and
represent further conErmationof the SW conjecturefor the proteinnetworks advancedby
[41].
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1.6 Discussion

Simplemodelsof complex biologicalinteractionshave beenusedthroughthe lastdecadess
powerful metaphor®f naturalcompleity. Networks penadebiology andthereis little doubt
that the untanglingbiological complity demandsa considerablaelegreeof simpliEcation.
This view workswell whengenericmechanismareat work: percolationcloseto criticiality

in randomgraphswould be a perfectexamplein this contet. Sinceinformationtransfer(net-
work communication)s akey propertyto all biosystemsteachingathresholdn connectity

allows informationto propagtein avery effective way underalow wiring cost.

Similar principlesmight be operatingn technologygraphg28, 54] andthe striking simi-
larities betweerman-madeetworks (suchaselectroniccircuits or softwaregraphs)andnat-
uralwebssuggestshatanorganizingprincipleinvolving optimalcommunicatiormight be at
work in bothtypesof systems.This seemsa reasonablgossibility, sincethe costof wiring
is animportantconstrainin bothcasesFor technologygraphshowever, randomfailuretipi-
cally leadsto collapseandthusthereis norobustnessssociatedo the scale-frearchitecture.
Biological systemsnight have takenadwantageof the SF patternghatarisefrom optimization
of pathlengthunderlow cost[55] andmake useof the sourceof robustnesgor freethatmight
begenerated.

As it occurswith mary otheraspect®f biologicalcompleity, historicconstraintplay an
importantrole in shapingnetwork topology Not surprisingly someof the oldestactorsin the
metabolicsceneseemto be highly connectedthus suggestinga leadingrole of preferential
attachmen{26] at leastat early stagesof the evolution of metabolism. But the proteome
mapis avery largewebincorporatinga large amountof plasticitythatmight have beentuned
throughevolution in orderto reachoptimaly wired pathways. Futureresearchwill provide
a new perspectie on how biological netsget organizedthroughevolution andwhat arethe
contritutionsof emegence selectionandtinkeringto network biocompleity.
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