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Abstract 

A new method is proposed to control delayed transitions towards 
extinction in single population theoretical models with discrete time 
undergoing saddle-node bifurcations. The control method takes 
advantage of the delaying properties of the saddle remnant arising 
after the bifurcation, and allows to sustain populations indefinitely. 
Our method, which is shown to work for deterministic and stochastic 
systems, could generally be applied to avoid transitions tied to one-
dimensional maps after saddle-node bifurcations. 

I. Introduction 

The control of time behavior in nonlinear dynamical systems has become 
an important field in theoretical and applied physics. Since the seminal paper 
of Ott et al. [1] on chaos control, a multitude of methods for controlling 
nonlinear dynamics have been developed. Examples can be found for 
continuous flows [2] as well as for chaotic spatiotemporal phenomena [3]. 
Methods for controlling transient chaos [4] have been applied in theoretical 
models for chemical reactions, electric voltage collapses or to control species 
survival in ecosystems [5]. 

In the context of ecosystems, transients are often tied to the concept of 
saddles [6]. The occurrence of global or local bifurcations causing crises is 
known to be responsible for species extinctions in theoretical models. For 
example, bifurcations causing transient chaos have been described in discrete 
[7, 8] and continuous [9] theoretical models. Local bifurcations like saddle-
node (also called limit point or fold) bifurcations can also cause species 
extinctions. This bifurcation involves the collision of a stable equilibrium 
(involving populations survival) with an unstable one. After the collision, 
both fixed points annihilate each other, and species become extinct [8, 10]. 
Generically, let us consider the normal form of saddle-node bifurcations in 

one-dimensional maps, given by .2
1 nnn xxrx ++=+  For ,0<r  a stable 

and an unstable fixed points exist. The saddle-node bifurcation occurs when 
,0=r  and both fixed points collide. 

An interesting property of saddle-node bifurcations, which, to the best of 



Controlling Delayed Transitions with Applications … 31 

our knowledge, has not yet been addressed from the perspective of control 
theory, is the time delay near bifurcation threshold causing the so-called 
delayed transitions. Generically, such time delay, τ, follows an inverse 

square-root scaling law ( ) ,1 21
cμ−μ∝τ  where μ is the control parameter 

and cμ  is the critical parameter value at which the saddle-node bifurcation 

takes place. After this bifurcation, a saddle remnant (also called ghost) delays 
the dynamics [11] (see Figure 1). Several delayed transition phenomena have 
been reported in ferroelectrics [12], semiconductor lasers [13] and neuron 
firing dynamics [14]. This phenomenon has been suggested to occur due to 
saddle-node bifurcations in the switching of charge density waves [15] and in 
catalytic replicators [10]. Indeed, the inverse square-root scaling law was 
empirically found in an electronic circuit modeling Duffing’s equation [16]. 
It is worth mentioning that other types of transient phenomena like chaotic 
intermittency have been studied in the context of bifurcations [17]. 

 

Figure 1. (Color online) (Left) Unimodal map (red) after the saddle-node bifurcation 

exemplified with equation (3) using ,5.4=r  16=sK  and =+= −410cmm  

3204125.20  (m is the control parameter and cm  is the bifurcation value). The 

enlarged view indicates the bottlenecking manifold of the ghost responsible for delaying 
extinction. The target region ,T  is delimited by the points A and B. Although the map is 

very close to the diagonal, they do not intersect. (Right) Inverse square-root power-law of 
the time delay τ, as the distance of the parameter from the bifurcation point increases, 
obtained using equation (3). The same scenario is found for equation (4) (results not 
shown). 
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II. Theoretical Models 

Simple theoretical models with discrete time for single populations can 
be formulated with the following general difference equation 

 ( ).,1 ttt NgNN q=+  (1) 

Here, tN  is the population density at generation t; ( )tNg ,q  is the realized 

per-capita rate of population change depending on the population size and 
the demographic parameters q. More precisely, the models that we will 
analyze can be represented by 

 ( ) ( ),1
1 t

KNr
tt NeNN t β= −

+  (2) 

where the term ( )KNr te −1  is a negative density-dependent factor and ( )tNβ  

is used to introduce a positive density-dependent factor. Here, r is the 
intrinsic growth rate and K is the carrying capacity (see [8] for more details). 
For the system with Allee effect due to predator saturation, by non-

dimensionalizing taking ,1−= KNx tt  and considering ( ) ( ),1 tsNm
t eN +−=β  

equation (2) takes the form 

 ( ) ( ) .11exp:1 ⎟
⎠
⎞

⎜
⎝
⎛

+
−−==+

t
tttt sKx

mxrxxfx  (3) 

Here, the term ( )tNβ  is the probability of escaping predation by a predator 

with a saturating functional response, being m the intensity of predation and s 
a parameter proportional to the handling time [22]. 

For the second model studied, corresponding to the Allee effect due to 
mating limitation, ( ) ( )1+αα=β ttt NNN  (see equation (2)). Here, ( )tNβ  

is the probability of finding a mate, being α the searching efficiency of an 
individual [23]. Equally, non-dimensionalizing the system by setting =tx  

,KNt  we obtain 

 ( )( ) .11exp1
t

t
ttt Kx

Kxxrxx
α+

α
−=+  (4) 
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The two previous dynamical systems given by equation (3) and equation 
(4) offer an extensive array of dynamics, ranging from chaos, periodic or 
quasiperiodic orbits to bifurcations causing transient chaos [8]. In this paper, 
however, we will focus on a qualitative shift found for both models: the 
transition from species persistence via stable fixed point to populations 
extinction because of a saddle-node bifurcation (cf. [8] for a detailed 
description of the dynamics of both models). 

III. The Control Method 

The control method, we are proposing, involves an initial determination 
of a target region, .T  This region is defined as [ ]BA,=T  (see Figure 1(a)). 

The rightmost point of the target region is given by ,cB =  where c is the 
turning point of the unimodal map. According to this construction, the 
bottleneck region of the ghost is on the left hand side of B. Let us consider 
the fraction 

( ) ,1

1

−

+

−
−=Λ nn

nn

ff
ffn  

which represents the rate of change of an iteration, n, of ( ).txf  In order to 

determine the point A (i.e., the leftmost point of the target region), we take 
into account the value of ( )nΛ  after each iteration, which allows us to 

characterize how “fast” iterates go to the origin. The escaping of the iterates 
from the bottlenecking manifold occurs when 

 ( ) ,1 δ+≥Λ n  (5) 

with .10 δ<  Therefore, if equation (5) is fulfilled, then the value of the 

difference between two given successive iterates, ,1 nn ff −+  starts to be 

higher than the value of the difference between the two previous iterates, 

.1−− nn ff  As a consequence, we select .nfA =  The behaviour of ( )nΛ  

after the saddle-node bifurcation is represented with solid circles in Figure 
2(a). Here, the horizontal dashed line represents the threshold given in 
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equation (5). Note that above this threshold, the dynamics rapidly escapes as 
depicted by the time series shown in red in Figure 2(a). In Figure 2(b), we 
show the number of iterates inside the target region before escaping, 
computed as previously described. Note that in almost all the values of 

[ ],, BAxt ∈  the number of iterations until the critical value given by 

equation (5) is overcome (i.e., roughly, the transient time) keeps almost 
constant, in contrast to the target regions associated with control methods for 
transient chaos reported in other works [5]. 

 

Figure 2. (Color online) (a) Change of ( ) ( ) ( ),11 −+ −−=Λ nnnn ffffn  at increasing 

time for equation (3), with the same parameter values of Figure 1. The value of ( )nΛ  

used as criterium to apply the perturbation (given by equation (5)) is indicated with the 
horizontal dashed line. Once ( )nΛ  crosses this line (indicated with the vertical dotted 

line), the perturbation needs to be applied. The extinction population time series is 
displayed in red. (b) Number of iterations towards extinction inside the target region 
delimited by points A and B (red lines). In both plots, we use .05.0=δ  
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Figure 3. (Color online) Application of the control method for the systems with Allee 
effect due to predator saturation ((a) and (c)) (using the same parameter values as in 

Figure 1); and mating limitation ((b) and (d)) with 5.4=r  and =−α=α −410cKK  

.1399549.0  In (a) and (b), we display the results for the deterministic models. In (c), 

we introduce demographic noise with .10 3−=σ  In (d), we consider environmental noise 
with .1.0=σ  In red, we show, for each case, the extinction dynamics near bifurcation 
threshold without applying the control method. The blue bars show the applied 
perturbations, ( )txΔ  (right axes), which sustain the dynamics shown in black trajectories. 

Once the target region is identified, the dynamics is monitored and if a 
given iterate, ,tx  falls into the escaping zone (i.e., )Axt <  determined by 

equation (5), we apply a time-dependent perturbation ( ) ,ti xxtx −=Δ  being 

ix  a random number with uniform distribution, ( ),, BAU  inside the target 

region. This simple control method is tested with the models given by 
equations (3) and (4). In Figure 3(a), we show the results for the model with 
Allee effect due to predator saturation given by equation (3). The population 
dynamics after the saddle-node undergoes the bottleneck region of the ghost, 
which delays the passage of the iterates to the origin. For the selected 
parameters, the population becomes extinct at iteration 628 (red trajectory in 
Figure 3(a)). Once an iterate falls into the escaping region, the perturbation is 
applied (Figure 3(a)) and the dynamics, which would drive the population to 
extinction, can be sustained, and species survive. This procedure is repeated 
each time the iterate escapes from the target region, and the population can 
survive indefinitely. The same result is shown for the model with Allee effect 
due to mating limitation given by equation (4) (see Figure 3(b)). We note that 
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using this method, we can change the dynamics without changing the 
parameters. Moreover, our method might be useful for experimental 
applications since the information needed to apply the control can be directly 
obtained from the population time series. 

Next, we study the robustness of our method under stochastic processes 
(demographic and environmental), which make noise inherent in populations. 
Let us consider that tN  has a Poisson distribution because of demographic 

variability. Then tN  has approximately a normal distribution with a 

constant variance. Consequently, the demographic stochasticity changes 
equation (1) into 

( ( ) )21 , tttt NgNN η+=+ q  

(see [24]). Here, tη  is a normally distributed uncorrelated random variable 

with mean zero and standard deviation σ (noise intensity). In the case in 

which [ ( )] ,0, 21 <η+ ttt NgN q  we replace it by 0 (cf. [24]). It is also 

possible to consider environmental variability by using a logarithmic 
transformation of tN  [25], which leads to a standardized noise structure, 

changing equation (1) into 

( ) .,1 teNgNN ttt
η

+ = q  

The two previous approaches are applied to the models under study (also 

taking .)1−= KNx tt  As shown in Figures 3(c) and 3(d), our method also 

works under stochasticity. Figure 3(c) shows the sustained time series for the 
model of equation (3) using demographic noise with a low noise intensity 

( ).10 3−=σ  The dynamics, which fluctuates weakly, is also sustained. 

Similar results were obtained for equation (3) using environmental noise 
(results not shown). The control method also works at increasing noise 
intensity and including environmental noise in equation (4) (Figure 3(d), 
with ).1.0=σ  The control method was also successfully applied to the same 

model under demographic noise with 1.0=σ  (results not shown). It is worth 
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mentioning that the delaying effect of the ghost is a local phenomenon. That 
is, the delay is extremely long when the control parameter is extremely close 
to the bifurcation value of the parameter (as commented on in the 
Introduction, the delayed time-to-extinction vanishes following an inverse 
square-root scaling law (see Figure 1)). With the aim of studying this 
property on the application of our control method, we computed, for both 
model systems, the number of interventions, ,iν  when the parameter is 

driven further away from the bifurcation point. This might be closer to a 
more realistic scenario, where the distance of the parameter to the critical 
value might not be as close to allow extremely long delays. The dependence 
of iν  on bifurcation threshold and on noise intensities is shown in Figure 4. 

First, we note that the control method works under the wide parametric 
ranges studied (for both threshold distances and noise intensities). Moreover, 
we notice that the mean number of interventions, ,iν  under noise is model-

dependent. That is, for the deterministic models, iν  increases as the 

parameter is driven further away from the bifurcation threshold (see black 
lines in Figures 4(a) and 4(b), right panels). However, for Figure 4(a), ,iν  

does not show a significant increase beyond the bifurcation threshold for 

.10 3−>σ  

The increase of noise intensity generally involves an increase in the 
mean number of interventions for the two models analyzed under both 
demographic and environmental noise. Our results also show that the two 
models are more sensitive to extinction under demographic noise, where 
more interventions need to be applied to avoid extinctions, especially for 
large values of σ. 
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Figure 4. (Color online) (Left) Mean number of interventions, ,iν  using the parametric 

distance to bifurcation threshold and noise intensity (σ) as control parameters for (a) 
equation (3); and (b) equation (4). Here, we use for equation (3): ,5.4=r  16=sk  and 

.3203125.20=cm  For equation (4): 5.4=r  and .1400549.0=α cK  In both 3D 

plots: demographic noise (gridded surface), environmental noise (color surface). (Right) 
Values of iν  ((± standard deviations) taken over 50 independent replicas) after 

bifurcation threshold for each model. The black lines correspond to the deterministic 
system. Green and blue lines show, respectively, the results including demographic and 

environmental noise. For both cases: 310−=σ  (circles), 025.0=σ  (triangles) and 

05.0=σ  (squares). In all the analyses, we use time series of length .105=t  

IV. Conclusion 

In this paper, we have discussed that the control of delayed transitions 
due to saddle-node bifurcations is possible through the application of 
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perturbations sending the iterates rapidly escaping to the saddle-remnant 
region, using the dynamical criterium presented in this paper. Although clear 
identifications of bifurcation-induced (deterministic) extinctions in natural or 
experimental ecosystems have not been yet shown, our method could be 
relevant for single-species biological systems undergoing discontinuous 
transitions. The control method, which works under deterministic and 
stochastic dynamics, could be also considered as a general one for delayed 
transitions associated to one-dimensional maps with saddle-node bifurcations. 
Further research may be developed to extend our control method to higher 
dimensions for difference equations near tangent bifurcations. 

Acknowledgements 

This work is partly supported by Fundação para a Ciência e a Tecnologia 
through the Program POCI 2010/FEDER, and by the Human Frontier 
Science Program Organization Grant RGP12/2008 (JS). 

References 

 [1] E. Ott, C. Grebogi and J. A. Yorke, Phys. Rev. Lett. 64 (1990), 1196, S. Hayes, C. 
Grebogi and E. Ott, Phys. Rev. Lett. 70 (1993), 3031, see W. L. Ditto, S. N. 
Rauseo and M. L. Spano, Phys. Rev. Lett. 65 (1990), 3211 for experimental chaos 
control in gravitationally buckled, amorphous magnetoelastic ribbons. 

 [2] T. Yang, L. B. Yang and C. M. Yang, Phys. D 110 (1997), 18; Y.-C. Tian, M. O. 
Tadé and D. Levy, Phys. Lett. A 296 (2002), 87. 

 [3] A. Ahlborn and U. Parlitz, Phys. Rev. E 75 (2007), 065202(R); A. Ahlborn and U. 
Parlitz, Phys. Rev. E 77 (2008), 016201; see L. Pastur, L. Gostiaux, U. 
Bortolozzo, S. Boccaletti and P. L. Ramazza, Phys. Rev. Lett. 93 (2004), 063902 
for experimental control of spatiotemporal chaos in nonlinear optics. 

 [4] T. Tźel, J. Phys. A 24 (1991), L1359, Int. J. Bif. Chaos Appl. Sci. Eng. 3 (1993), 
757; Y.-C. Lai and C. Grebogi, Phys. Rev. E 49 (1994), 1094; Y.-C. Lai, C. 
Grebogi and T. Tél, Towards the Harnessing of Chaos, M. Yamaguti, ed., 
Elsevier, Amsterdam, 1994; I. Schwart and I. Triandaf, Phys. Rev. Lett. 77 
(1996), 4740; T. Kapitaniak and J. Brindley, Phys. Lett. A 241 (1998), 41. 

 [5] M. Dhamala and Y.-C. Lai, Phys. Rev. E 59 (1999), 1646. 



Josep Sardanyés, Jorge Duarte, Cristina Januário and Nuno Martins 40 

  [6] A. Hastings, Trends Ecol. Evol. 19 (2004), 39. 

 [7] K. P. Hadeler and I. Gerstmann, Math. Biosci. 98 (1989), 49; M. G. Neubert and 
M. Kot, Math. Biosci. 110 (1991), 45. 

 [8] S. J. Schreiber, Theor. Pop. Biol. 64 (2003), 201. 

 [9] K. McCann and P. Yodzis, Am. Nat. 144 (1994), 873; K. Mc-Cann and P. Yodzis, 
Theor. Pop. Biol. 48 (1995), 93; J. Duarte, C. Januário and N. Martins, J. 
Sardanyés, Chaos 59 (2009), 1646. 

 [10] J. Sardanyés and R. V. Solé, Int. J. Bif. Chaos 16 (2006), 2761; E. Fontich and J. 
Sardanyés, J. Phys. A: Math. Theor. 41 (2008), 15102; J. Sardanyés, Dynamics, 
evolution and information in nonlinear dynamical systems of replicators, Ph.D. 
Thesis, Universitat Pompeu Fabra (UPF), Barcelona, 2009. 

 [11] S. H. Strogatz, Nonlinear Dynamics and Chaos, with Applications to Physics, 
Biology, Chemistry, and Engineering, Perseus Books Publishing, USA, 2000. 

 [12] P. Chandra, Phys. Rev. A 39 (1989), 3672. 

 [13] C. J. Hwang and J. Dyment, J. Appl. Phys. 44 (1973), 3240; K. Konnerth and C. 
Lanza, Appl. Phys. Lett. 4 (1964), 120; J. E. Ripper, J. Appl. Phys. 43(4) (1971), 
397. 

 [14] E. Jakobsson and R. Guttman, Biophys. J. 31 (1980), 293; J. Rinzel and S. M. 
Baer, Biophys. J. 54 (1988), 551. 

 [15] S. H. Strogatz and R. M. Westervelt, Phys. Rev. B 40 (1989), 10501. 

 [16] S. T. Trickey and L. N. Virgin, Phys. Lett. A 248 (1998), 185. 

 [17] Y. Pomeau and P. Manneville, Commun. Math. Phys. 74 (1980), 189-197; H. G. 
Schuster, Deterministic Chaos, An Introduction, Weinheim: Physik Verlag, 1996; 
Y. Kondo and T. Kawabe, Phys. Lett. A 225 (1997), 73-78; L. M. Kim, G. S. 
Yim, Y. S. Kim and H. W. Lee, Phys. Rev. E 56 (1997), 2573-2577; C. Tresser, P. 
Coullet and A. Arneodo, J. Phys. Lett. 41 (1980), L-243-L-246; P. Richetti, F. 
Argoul and A. Arneodo, Phys. Rev. A 34(1) (1986), 726-729; S. Manimaran, G. 
Kandiban and V. Balachandran, Recent Res. in Science and Technology 2(2) 
(2010), 81-83; F. Argoul, A. Arneodo and P. Richetti, J. Phys. France 49 (1988), 
767-775. 

 [18] W. E. Ricker, J. Fish. Res. Board. Can. 11 (1954), 559; R. M. May, Stability and 
Complexity in Model Ecosystems, 2nd ed., Princeton University Press, Princeton, 
NJ, 1975; T. S. Bellows, J. Anim. Ecol. 50 (1981), 139; W. M. Getz, Ecology 77 
(1996), 2014. 



Controlling Delayed Transitions with Applications … 41 

 [19] W. C. Allee, Animal Aggregations. A Study in General Sociology, University of 
Chicago Press, Chicago, 1931; W. C. Allee, The Social Life of Animals, 
Heinemann, London, 1939; P. A. Stephens and W. J. Sutherland, Tree 14 (1999), 
401; P. A. Stephens, W. J. Sutherland and R. P. Freckleton, Oikos 87 (1999), 185; 
L. A. Dugatkin, Animal cooperation among unrelated individuals, Naturwiss. 89 
(2002), 533; F. Courchamp, L. Berec and J. Gascoigne, Allee Effects in Ecology 
and Conservation, Oxford University Press Inc., New York, 2008. 

 [20] M. J. Crawley and C. R. Long, J. Ecol. 83 (1995), 683; K. S. Williams, K. G. 
Smith and F. M. Stephen, Ecology 74 (1993), 1143; C. G. Wiklund and M. 
Andersson, J. Anim. Ecol. 63 (1994), 765; P. R. Elrich, Annu. Rev. Ecol. Sys. 6 
(1975), 211. 

 [21] M. J. Groom, Am. Nat. 151 (1998), 487; N. Knowlton, Am. Zool. 32 (1992), 674; 
D. R. Levitan, M. A. Sewell and F. Chia, Ecology 73 (1992), 248. 

 [22] M. P. Hassell, J. H. Lawton and J. R. Beddington, J. Anim. Ecol. 45 (1976), 135. 

 [23] B. Dennis, Nat. Res. Model. 3 (1989), 481; M. A. McCarthy, Ecol. Model. 103 
(1997), 99; I. Scheuring, J. Theor. Biol. 199 (1999), 407. 

 [24] C. R. Rao, Linear Statistical Inference and its Applications, Wiley, New York, 
New York, USA, 1973; G. Domokos and I. Scheuring, J. Theor. Biol. 227 (2004), 
535; J. M. Cushing, R. F. Constantino, B. Dennis, R. A. Desharnais and S. M. 
Henson, Chaos in Ecology: Experimental Nonlinear Dynamics, Academic Press, 
San Diego, CA, USA, 2003. 

 [25] B. Dennis and M. L. Tapper, Ecol. Monogr. 64 (1994), 205; B. Dennis, R. A. 
Desharnais, J. M. Cushing, S. M. Henson and R. F. Constantino, Ecol. Monogr.  
71 (2001), 277. 


