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a b s t r a c t

The dynamics of catalytic networks have been widely studied over the last decades because
of their implications in several fields like prebiotic evolution, virology, neural networks,
immunology or ecology. One of the most studied mathematical bodies for catalytic net-
works was initially formulated in the context of prebiotic evolution, by means of the hyper-
cycle theory. The hypercycle is a set of self-replicating species able to catalyze other
replicator species within a cyclic architecture. Hypercyclic organization might arise from
a quasispecies as a way to increase the informational containt surpassing the so-called
error threshold. The catalytic coupling between replicators makes all the species to behave
like a single and coherent evolutionary multimolecular unit. The inherent nonlinearities of
catalytic interactions are responsible for the emergence of several types of dynamics,
among them, chaos. In this article we begin with a brief review of the hypercycle theory
focusing on its evolutionary implications as well as on different dynamics associated to dif-
ferent types of small catalytic networks. Then we study the properties of chaotic hypercy-
cles with error-prone replication with symbolic dynamics theory, characterizing, by means
of the theory of topological Markov chains, the topological entropy and the periods of the
orbits of unimodal-like iterated maps obtained from the strange attractor. We will focus
our study on some key parameters responsible for the structure of the catalytic network:
mutation rates, autocatalytic and cross-catalytic interactions.

� 2011 Elsevier B.V. All rights reserved.
1. Introduction

Catalytic sets are chemical reaction systems containing molecular species that catalyze their own replication or the syn-
thesis of other species of the network. Catalytic networks have been a subject of study in different fields like prebiotic evo-
lution [1–20], virus dynamics [21–23], neural networks [24,25], immune systems [26] and ecology [27,28]. The theoretical
study of catalytic interactions is nowadays a current topic of research due to some recent advances in the implementation of
cooperative systems in experimental setups. For example, Lee et al. [29] studied cooperative dynamics in the self-replication
of coiled coil peptides. The investigation of two bacteriophages forced to obey a life cycle with cooperation and conflict was
performed by [30]. Such authors showed that evolution facilitated cooperation, virtually eliminating conflict, and the two
viruses evolved to copackage their genomes into one coat protein. Later on, Shou and collaborators studied cooperation
in synthetic populations of the yeast Saccharomices cerevisiae [31], showing the viability of oscillations in the populations
over a wide range of initial conditions.
. All rights reserved.
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Fig. 1. (a) Schematic diagram of an elementary hypercycle with n members. The blue and the red arrows indicate, respectively, a short-cut and the catalytic
aid to a parasite replicator. (b) Hypercycle network studied in this work (see [35] for further details), where four replicators (I1, . . . , I4) form an
interconnected catalytic network. The replication of each member is error-prone, and some kinetically indistinguishable mutant replicators (named Ie) are
synthesized when replication takes place. Here we consider non-catalytic (circular dotted arrows), autocatalytic (circular solid arrows) and cross-catalytic
(straight solid arrows) processes. (c) Chaotic attractor obtained from Eq. (7) using the parameter values shown at the end of Section 2.
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In virology, more concretely, in the framework of quasispecies theory, several dynamical systems modelling RNA virus
dynamics have included catalytic processes. As an example, we can refer the inclusion of the so-called complementation be-
tween non-mutated and mutated genomes during coinfection events. Complementation can occur at the level of the repli-
cases or at the level of the coat proteins. For both types of complementation, mutated genomes, unable to replicate or infect
themselves, may use the products coded by non-mutated genomes during coinfection. Complementation phenomena in viral
replicator systems, characterized experimentally [32–34], can be considered by means of catalytic enhancement between
the complementing genotypes [21,22], as well as with replicators coding for replicases able to replicate other coexisting
strands [23]. In the context of neural networks, the convertibility of several systems similar to the replicator model to a gen-
eral membrane equation for competitive cellular neutral networks was shown by Cohen and Grossberg [24]. Such authors
demonstrated invariant features and global stability of stored information in the distributed connections of the network.

Catalytic networks also arise in the scientific discipline of prebiotic evolution and origin of life by means of the hypercycle
theory. The hypercycle was originally proposed within the subject of prebiotic evolution in the decade of the 1970’s by Man-
fred Eigen and Peter Schuster [1]. These authors set out a possible origin of life scenario starting with nude self-replicating
RNA or RNA-like sequences. The core of the hypercycle theory turns around a central aspect of prebiotic replicators: complex
genetic information cannot be built up in single RNA replicating strand pairs; instead, a cyclic coupling among such template pairs,
giving place to hypercycles, is required to achieve the evolution of complex genetic information [1,36]. The hypercycle arises as a
hypothesis for the information increase of molecular quasispecies. A quasispecies1 is a set of mutant genomes centered
around the so-called master sequence, which is the sequence with the highest fitness. In the prebiotic scenario, it is supposed
that arbitrary complementary RNA strand pairs might serve as templates to synthesize other strands from free mononucleo-
tides. During replication, and due to the lack of complex enzymes with error-proof activity, several mutant strands might arise,
giving place to the abovementioned quasispecies. According to Darwinian selection, the single fastest growing sequence – plus
an inevitable cloud of mutants – might become predominant in the system [36].

Eigen and Schuster argued that as the length of a nucleotide sequence increases, selection becomes too weak to pull the
population of replicators to a narrow mutant quasispecies surrounding the best replicating sequence (i.e., master sequence).
The information content of this master sequence, expressed as the number mm of symbols (i.e., nucleotides) per replicative
unit, is limited to
1 The
2 By
mm <
ln rm

1� �qm
; ð1Þ
where rm(>1) is the superiority of the master copy (i.e., an average selective advantage over the rest of the distribution), and
�qm is the average quality of symbol copy (being 1� �qm mutation rate). Exceeding this threshold of information content will
cause an error catastrophe due to a steady accumulation of errors during replication [1]. The hypercycle architecture opens
the possibility of having coexistence among several sequences below the critical length imposed by Eq. (1). The closed archi-
tecture of hypercycles [see Fig. 1(a)] discards the competitive exclusion of any replicator type [1]. Hence, the catalytic cou-
pling of short templates might allow a dynamically stable set of different sequences with an information containt above the
one imposed by the error catastrophe (although this well-established idea has been recently questioned by Silvestre and
Fontanari [37]). The dynamics of elementary hypercycles can be governed by several asymptotically stable states2 of perma-
nent coexistence between all the species [1,15], which mainly depend on the number of catalytic species forming the hypercycle
as well as on the nature of their interactions. For instance, continuous-time mean field models indicate that hypercycles with
n = 2 members have a stable node in phase space allowing coexistence [8,38]. With n = 3 and n = 4 species, the coexistence sta-
ble state is achieved, by means of spiral trajectories, with fastly (n = 3) and hardly (n = 4) damped oscillations [1,17]. Several
works also show that the dynamics of hypercycles with n = 5 or more species can be governed by stable periodic orbits
[1,39], as well as by strange attractors [35,40].
quasispecies concept is also used in the field of virology.
stable we mean that the entire hypercycle is able to persist in time.
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In this work we will study, using symbolic dynamics theory, topological properties of chaotic attractors arising in the
hypercycle model studied by Andrade and collaborators [35] [see Fig. 1(c)]. These authors studied the dynamics of cata-
lytic networks with error-prone self-replication for hypercycles with four molecular species and the so-called error tail of
mutant replicators. As we previously mentioned, models exhibiting chaos in hypecycles date back from the 1990s [35,40],
when some invariant measures, like Lyapunov exponents and Kaplan-Yorke dimensions, were characterized. However, to
the best of our knowledge, there are no works characterizing the topological entropy generated by hypercyclic strange
attractors.

The techniques of symbolic dynamics have been applied in several theoretical fields. The first authors providing a numer-
ical measure of the topological entropy were Malkin and co-workers [41], who characterized this topological invariant mea-
sure in a one-dimensional discrete model describing the electromechanical Gipp movement of a clock. Later on, topological
measures with symbolic dynamics theory have been applied in other fields like theoretical ecology [42–44]. One key aspect
in the study of dynamical systems with symbolic dynamics is to discretize time in order to study the iterates of a single
transformation. The idea is to divide up the set of possible states into a number of separate pieces, and keep track of which
piece the state of the system lies in at every time point. Each piece is associated with a symbol, and the evolution of the sys-
tem can thus be described by a sequence of symbols. The work of Milnor and Thurston [45] sets up an effective method for
describing the qualitative behavior of the successive iterates of a piecewise monotonic mapping.

Symbolic dynamics can be used to compute the topological entropy of a chaotic limit set. This numerical invariant, which
represents the exponential growth rate for the number of orbit segments distinguishable with arbitrarily fine but finite pre-
cision, is related to the orbit growth and allows us to quantify the complexity of the dynamics. A definition of chaos in the
context of one-dimensional dynamical systems states that a dynamical system is chaotic if its topological entropy is positive.
Thus, the topological entropy can be computed to express whether a map has chaotic behavior, as we can see in [46,47]. Later
on, important results were constructed using this property (please see [48,49]).

The manuscript is divided as follows. In Section 2 we provide a detailed description of the studied model. In Section 3 we
will develop the computations used to characterize the topological entropy using the theory of topological Markov chains.
We will especially focus on the effect of both autocatalytic and heterocatalytic parameters on the dynamics of the entire
hypercycle. Finally, we present some conclusions in section 4.

2. Mathematical model

In this work we study a population of catalytic replicators with a mean field model given by a set of nonlinear ordinary
differential equations. Such an approach assumes a completely homogeneous population of replicator macromolecules with-
out considering explicitly nucleotide sequences. The time dynamics of the concentration, xi, of each of replicator species
Ii(i = 1,2, . . . ,n), can be expressed in terms of the following general replicator dynamical system (see [35]):
dxi

dt
¼ xi Q ii Ai þ

X
k

Kkixk

 !" #
þ
X
j–i

Q jixj Aj þ
X

k

Kkjxk

 !
� xiðDi þ /Þ: ð2Þ
The parameter Ai > 0 is the amplification constant corresponding to non-catalytic replication. Catalytic replication is denoted
with the kinetic constants Kki > 0. This parameter corresponds to the catalytic enhancement of replicator i provided by rep-
licator k. Both non-catalytic and catalytic error-free replication of a given species occur with probability Q 2 [0,1] (the aver-
age quality factor), being l = 1 � Q, the mutation rate (see below the values of mutation rate). The model also considers that
each species has a density-independent degradation rate given by Di > 0. The last term between parentheses corresponds to
the synthesis of species i due to mutation during replication of the other species forming the hypercycle, which is repre-
sented by Qji. We define a constant-population constraint as N ¼

Pn
i¼1xi, which means that the whole population of replica-

tors has a constant value N. This constraint includes competition for replication. Finally, the term / corresponds to the
outflow of molecules of the system which keeps population constant.

The model assumes that only a subset of the total species has nonnegligible catalytic constants. Then one can separate the
network into two groups: the catalytic species whose interactions form the network and a noncatalyzed species with neg-
ligible catalytic constants. The assumption that catalytic replicators have large Hamming distances allows to exclude inter-
mutations between them [35]. Andrade and collaborators also assumed that the mutant replicators synthesized by the
catalytic species lose their catalytic properties and assumed also that backward mutations from the noncatalytic to the cat-
alytic species are very improbable. The previous conditions allow to group the error replicators in a single species, Ie, labeled
error-tail, containing all mutant replicators, which are imposed to have same kinetic constants. From the previous assump-
tions, the system (2) is now given by
dxi

dt
¼ xi Q Ai þ

Xn

j¼1

Kjixj

 !
� Di � /

" #
; ð3Þ

dxe

dt
¼
Xn

i¼1

ð1� QÞxi Ai þ
Xn

j¼1

Kjixj

 !
þ xeðAe � De � /Þ; ð4Þ
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(a)

Fig. 2.
parame
(c) Unim
N ¼ xe þ
Xn

i¼1

xi; for i ¼ 1; . . . ;n: ð5Þ
The parameters Ae > 0 and De > 0 denote, respectively, the linear amplification and the degradation rate of the mutant repli-
cators belonging to the error tail. The number of interconnections of the catalytic network is reduced by setting the following
values in the mutation matrix: Qii = Q, Qij = 0, Qi.e. = 1 � Q, Qee = 1 and Qei = 0.

The replication of the error-tail species can be described in terms of the catalytic species alone due to the constant pop-
ulation assumption (5). The outflow term, /, which is computed from Eq. (5) and from
Xn

i¼1

dxi=dt þ dxe=dt ¼ 0;
is given by
/ ¼ 1
N

Xn

i¼1

xi½ðAi � AeÞ � ðDi � DeÞ� þ
Xn

i¼1

Xn

j¼1

xixjKji

 !
þ Ae � De: ð6Þ
Substituting Eq. (6) into Eq. (3) we obtain the system that will be studied in this work:
dxi

dt
¼ xi QAi � Di þ

Xn

j¼1

Kjixj � ðAe � DeÞ �
1
N

Xn

i¼1

½ðAi � AeÞ � ðDi � DeÞ�xj þ
Xn

i¼1

Xn

j¼1

xjxkKkj

 !" #
ð7Þ
with N ¼
Pn

i¼1xi. The effect of the error-tail is implicit in terms of the catalytic species themselves and is explicit only
through parameters Ae and De [35]. For the previous model, the dynamics is biologically meaningful in the n-dimensional
simplex space, Sn, given by
Sn ¼~x 2 Rn : xe þ
Xn

i¼1

xi ¼ N; xe P 0; xi P 0; 8i:
In this work we will explore the same system studied by Andrade and collaborators [35], considering hypercycles with n = 4
replicator species. According to the previous values of the parameters responsible for the interconnections of the network,
the hypercycle studied is shown in Fig. 1(b). Moreover, we will hereafter use the following parameter values for all the anal-
yses: A = 1, Ae = 0.8, N = 400, K11 = 0.5, K12 = 1.6, K13 = 0, K21 = 1.5, K22 = 1, K23 = 2, K24 = 0, K31 = 0.5, K33 = 0.6, K42 = 0, K44 = 0,
K14 = 2.2, K41 = 0.1, K34 = 0.4, K43 = 0, and K32 = 0 (if not otherwise specified). We note that to study the dynamics tied to the
autocatalytic constant of the first hypercycle member we will use parameter a, taking K11 + a.

3. Analyses and results

In this section we will study topological features of the chaotic attractors arising from Eq. (7) applying techniques of the
symbolic dynamics theory. In particular, some results concerning to Markov partitions associated with unimodal maps (see
[45,50,51] for more details). One interesting feature of the system analyzed in [35] is the presence of one-dimensional return
maps obtained by recording the successive relative (local) maxima of the numerical solution x2(t) [see Fig. 2(c)]. These iter-

ated maps consist of pairs xðnÞ2 ; xðnþ1Þ
2

� �
, where xðnÞ2 denotes the nth local maximum. As shown in Fig. 2(c), the data from the

chaotic time series appear to fall on a logistic-like curve. Indeed, treating the graph as a function xðnþ1Þ
2 ¼ f xðnÞ2

� �
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(a) Period-halving bifurcation diagram for the dynamics of the second hypercycle member, x2, using a(i.e., the autocatalytic constant of x1) as control
ter. (b) Time series under the chaotic regime for all the species of the hypercycle, x1(t), . . . ,x4(t), and the error tail, xe(t), using a = 0.0029 and Q = 0.5.

odal-like iterated map obtained from the local maxima of the time series for the second hypercycle member, x2(t) shown in (b).
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analyze interesting features about the dynamics on the attractor. The obtained iterated maps dynamically behave like a uni-
modal map. A unimodal map f on the interval I = [a,b] is a 2-piecewise monotone map with one critical point, named c (also
called turning point). Thus, I is subdivided into the following sets:
IL ¼ ½a; c½; IC ¼ fcg; IR ¼�c; b�;
in such a way that the restriction of f to interval IL is strictly increasing and the restriction of f to interval IR is decreasing [see
Fig. 2(c)]. Each of such maximal intervals on which the function f is monotone is called a lap of f, and the number ‘ = ‘(f) of
distinct laps is called the lap number of f. Starting with the critical point of f, c (relative extremum), we obtain the orbit
OðcÞ ¼ fxi : xi ¼ f iðcÞ; i 2 Ng:
In order to study the topological properties, we associate to the orbit O(c) a sequence of symbols, describing the itinerary
ðiðxÞÞj ¼ S ¼ S1S2 . . . Sj . . . ;
where Sj 2 A ¼ fL;C;Rg and Sj = L if fj(x) < c; Sj = C if fj(x) = c; and Sj = R if fj(x) > c. The turning point c plays an important role.
Since the dynamics of the interval is characterized by the symbolic sequence associated to the critical point orbit. When O(c)
is a k-periodic orbit, we obtain a sequence of symbols that can be characterized by a block of length k, named the kneading
sequence S(k) = S1S2 � � � Sk�1C. We introduce, in the set of symbols, an order relation L < C < R. The order of the symbols is ex-
tended to the symbolic sequences. Thus, for two of such sequences P and Q in AN, let i be such that Pi – Qi and Pj = Qj for j < i.
Considering the R-parity of a sequence, that is the odd or even number of occurrence of a symbol R in the sequence, than if
the R-parity of the block P1 � � � Pi�1 = Q1 � � � Qi�1 is even we say that P < Q if Pi < Qi. And if the R-parity of the same block is odd,
we say that P < Q if Pi > Qi. If no such index i exists, then P = Q.

The ordered sequence of elements xiof O(c) determines a partition Pðk�1Þ of the interval
I ¼ ½f 2ðcÞ; f ðcÞ� ¼ ½x2; x1�;
into a finite number of subintervals labeled by I1, I2, . . . , Ik�1. To this partition we associate a (k � 1) � (k � 1) transition matrix
M = [aij] with
aij ¼
1; if Ij � f ðIiÞ;
0; if Ijˆf ðIiÞ:

�

The topological entropy of a unimodal interval map f, denoted by htop(f), is given by
htopðf Þ ¼ log kmaxðMðf ÞÞ ¼ log sðf Þ;
where kmax(M(f)) is the spectral radius of the transition matrix M(f) and s(f) is the growth rate,
sðf Þ ¼ lim
k!1

ffiffiffiffiffiffiffiffiffiffi
‘ðf kÞk

q
;

of the lap number of fk(kth-iterate of f) (see [45,52,53]). In summary, for each value of the parameter, the computation begins
with the symbolic codification of the critical point orbits which determines a Markov partition of the interval. Then we com-
pute the transition matrix associated with the Markov partition. Finally, the topological entropy is given by the logarithm of
the highest eigenvalue of this transition matrix.

In order to illustrate the outlined formalism about the computation of the topological entropy, we discuss the following
example:

Example 1. Let us consider the map of Fig. 2(c). The orbit of the turning point defines the period-5 kneading sequence
(RLLRC)1. Putting the orbital points in order we obtain
x2 < x3 < x0 < x4 < x1:
The corresponding transition matrix is
Mðf Þ ¼

0 1 1 0
0 0 0 1
0 0 1 1
1 1 0 0

2
6664

3
7775;
which has the characteristic polynomial
pðkÞ ¼ detðMðf Þ � kIÞ ¼ 1� k� k2 � k3 þ k4:
The growth number s(f) (the spectral radius of matrix M(f)) is 1.72208� � �. Therefore, the value of the topological entropy can
be given by
htopðf Þ ¼ log sðf Þ ¼ 0:543535 � � � :
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Applying the previous steps, we computed the periods of the orbits of the turning point c, as well as the topological en-
tropy in the aQ-parameter space (see Fig. 3). Recall that parameter a denotes the change of the autocatalytic constant for the
first replicator species (i.e., from K11 + a). The results show that, under the selected parameter values, the decrease of the
autocatalytic constant rate of the first hypercycle member involves a typical period doubling cascade from focus to chaos
through a Feigenbaum transition. This feature of the dynamics, displayed in Fig. 2(a), was already shown by Andrade and
collaborators [35]. Moreover, the periods identified in this parameter space are shown to follow the Sharkovsky ordering,
which was also characterized in [35] (see Table 1 in [35]). Our results also show that the effect of mutation is not so impor-
tant in the resulting dynamics in comparison with the effect of changing the constant rate of autocatalysis of the first hyper-
cycle member. The same effect is shown for the topological entropy, Htop [see Fig. 3(a)], which was also computed in the
same parameter space. We note that the topological entropy when the systems bifurcates to chaos fastly increases at
decreasing a, but the increase is smoothed for a / 0.0051.

Up to now, our results have been studied under the same parameters investigated in [35]. That is, considering changes in
the autocatalytic rate of the first hypercycle member as well as in the mutation rate. With the aim of extending the results on
the studied hypercycle, we also study the affect of the dynamics in the hypercyce by simultaneously changing both autocat-
alytic and heterocatalytic parameters. The results are shown, respectively, in Figs. 4 and 5 by means of codimensional two
bifurcation diagrams showing the periods of the turning point c. More specifically, we show in Fig. 4 the changes in the
dynamics caused by the interplay between the autocatalytic enhancement of the first hypercycle member and the cross-cat-
alytic enhancement of this replicator species on the second hypercycle member. Firstly, the bifurcation diagram using the
cross-catalytic parameter, K12, as control parameter reveals the inverse effect in the dynamics when compared to the effect
of a(i.e., K11). In this case, and under the selected parameters, the increase of the cross-catalytic enhancement to replicator I2

involves a period-doubling bifurcation scenario with the consequent change from order to chaos [see Fig. 4(a)]. The two pre-
viously reported results (i.e., the increase of K11 stabilizes the dynamics and the increase of K12 unstabilizes it) are clearly
identified in the diagram of Fig. 4(b). The quantification of the complexity in the aK12-parameter space is displayed in
Fig. 4(c) by means of the topological entropy.

Interestingly, the dynamics drastically changes if we analyze the interplay between the autocatalytic constant of I1 and
the heterocatalytic enhancement that a non-autocatalytic species is providing to the first hypercycle member (see Fig. 5). In
the previous analyses we were changing two parameters related to two replicators with autocatalytic and cross-catalytic
kinetics ( i.e., a and K12). The results by combining parameters a and K41 indicate that the effect of increasing a follows
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the behavior previously described in our computations as well as in [35] (i.e., an increase in K11 stabilizes the dynamics).
However, we see that the increase of K41 has no significant effects on the overall dynamics, specially in the chaotic regimes,
and a is the parameter that has again a stronger influence in the dynamics [see Fig. 5(a)]. It actually may indicate that the
effect on the overall dynamics would be stronger for an autocatalytic replicator providing heterocatalytic support. On the
contrary, and probably due to a lower nonlinear effect, a non-autocatalytically replicator may not influence the dynamics
so deeply by means of heterocatalysis. The computation of the topological entropy, Htop, is shown in the aK41-parameter
space [see Fig. 5(a)]. As previously mentioned, and as occurred for mutation rate, the parameter K41 does not causes changes
in the topological entropy.
4. Conclusions

The presence of strange attractors and chaos in hypercycles has been documented in some theoretical models [12,35,40].
The analyses of Andrade et al. [35] was performed in a computationally tractable reduced model describing the dynamics of
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an autocatalytic network with four catalytic replicators and the so-called error tail, grouping all mutant species in the same
category. They provided a detailed bifurcation analysis of the dynamical regimes of such networks, showing chaos by means
of the computation of the Lyapunov exponents and the Kaplan–Yorke dimension of the attractor. They also showed that
increasing mutation rates (lowering values of Q) involves the shift from chaotic to ordered dynamics towards the so-called
random-replication state, at which the only replicator species of the system is the error-tail. These authors also reported the
presence of unimodal-like iterated maps. Indeed, the presence of iterated maps in chaotic hypercycles was already reported
by Schnabl et al. [40], who also provided a detailed study of a strange attractor in a four-dimensional catalytic replicator sys-
tem. Despite these previous works and the finding of unimodal-like maps, and as far as we know, no studies computing the
topological entropy for hypercycles are found in the literature. The topological entropy, together with the Lyapunov expo-
nents, provides an invariant measure of the complexity of the dynamics in the chaotic regime.

In this manuscript we have provided new results about the topological features of strange attractors arising in catalytic
replicator models. By using the theory of symbolic dynamics and the topological theory of Markov chains, we have computed
the period ordering in the parameter space using the orbits of the turning point of the unimodal-like maps reported in [35].
We have also computed the topological entropy of the strange attractors comparing the effect on the dynamics of both auto-
catalytic and cross-catalytic parameters. Our results indicate that the impact of both autocatalytic and cross-catalytic
strength in the overall dynamics is larger in comparison to mutation rates. The hypercycle system was proposed by Eigen
and Schuster [1] as a way to overcome the error threshold in systems of error-prone replicators.The population dynamics
of error-prone replicators might be crucial for the mantainance of the replicators forming the hypercycle. The circularly
closed architecture of hypercycles involves that if one or few species of the network becomes extinct, the whole hypercycle
would collapse. Our results indicate that, under the studied parameter ranges, the catalytic interactions and their strength
would determine the different dynamics of the entire network. In this sense, hypercycles could have evolved optimizing
their catalytic interactions as a way to ensure the survival of all species via periodic or chaotic dynamics. In this sense,
and following some results of metapopulation theory [54], chaotic hypercycles could increase their chances of survival under
local and environmental noise.
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