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A simple kinetic model of cell energy metabolism with autocatalytic reaction sequences has been 
analysed. The model accounts for the fact that part of energy produced in the form of ATP, or any 
other equivalent form, is utilized in “sparking” reactions to activate initial substrates. 

Analysis of the model shows that energy metabolism, in the absence of all non-stoichiometric 
(i.e. isosteric, cooperative, and allosteric) regulations, is capable of (a) stabilizing, to a high degree 
of accuracy, the relative concentration of the “charged form” of the energy-transferring cofactor 
(ATP); (b) alternating between two stable stationary states by means of hysteretic transitions; 
(c) generating self-oscillations in energy production. 

It is proposed that energy metabolism can be a source of very slow, in particular circadian (of 
about a one-day period), oscillations which may serve as the basis for temporal organization of 
the cell. 

The non-photosynthetic energy sources in living 
cells, such as glycolysis and oxidative phosphorylation, 
reveal identical autocatalytic stoichiometric structures 
of reaction sequences. A part of the energy, produced 
by such sources in the form of ATP or in any other 
equivalent form, is spent to activate the initial sub- 
strates in the reactions which arc figuratively called 
sometimes “sparking reactions”. The participation 
of ATP in such reactions results in a complicated form 
of autocatalysis, the rcflexive catalysis [l]. 

The role of the reflexive catalysis in the cell me- 
tabolism dynamics is absolutely obscure. Meanwhile, 
there is every reason to believe that the autocatalytic 
nature of cnergy metabolism may be of extreme im- 
portance in cell organization and, perhaps, lies in the 
basis of the “cell clock” [2]. Indeed, it has been known 
since Lotka’s times that oscillation is one of the most 
distinguishing features of flow-through autocatalytic 
reaction systems [3,4]. 

Here we present the analysis of a simple kinetic 
model of an autocatalytic source of energy. The pre- 
liminary results of this work have been discussed 
earlier [ 5 ] .  

KINETIC MODEL 

The simplest kinetic model of energy metabolism, 
operating on the reflexive catalysis principle, may be 
represented as a reaction sequence shown in Fig. 1. 
Here the conversion of the initial substrate S, delivered 
by a source at a rate uo, into the end product P is as- 
sociated with energy production in the form of the 
bond energy of the cofactor A, (“ATP”). The con- 
version S + P takes place in three steps followed by 
formation of intermediates I ,  and 12: 

S + Y I A ~ + I ~  + ~1A2.  (1) 

1, + Y J Z ?  (2 1 
12 + N + y3A,+P + N’ + ~3A3. (3) 

At the initiatory step (1) the conversion S + I, proceeds 
at a rate u1 and is associated with the Conversion of 
y1 molecules of the cofactor A3 into its discharged 
form A2 (“ADP”). At the cleavage step ( 2 )  I, is de- 
graded at a rate t i 2  to y2 molecules of intermediate I,. 
At the generatory step (3) the oxidation of Iz by the 
cofactor N (“NAD”) at a rate u3 is associated with 
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Fig. j ,  Simplified kinetic iiiodel 41 /he sloichiomerric structure of a 
biochemical source qf energy with r<fle.uive caraly.ris. The energy-rich 
cofactor A, (e.g. ATP) is involved in activation of thc initial sub- 
strate S to be transformed through the intermediates I, and 1, into 
the end product P. Oxidation of the intermediate I2 by the oxidant 
N (NAD or NADP) is associated with the conversion of a discharged 
form of the cofactor A2 (ADP) into a charged form, A,. The mole- 
cules of A, enter a load, shown on the scheme as  an electric resistance, 
at a rate L'.,~,. The arrow inside the small circle symbolizes the 
alternative energy source. y,, j12 and y, are the stoichiometric 
coefficients. For glycolysis y1 = y, = y,  = 2; for glyco- 
genolysis y ,  = l ,  y, = y 3  = 2; for oxidative phosphorylation 
with pyruvate as  an oxidation substrate y l  = 1, y2 zz 5 ,  y3 zz 3. 
u,, v l .  is,, v,, u4. tr5 and I>, are the rates of the single conversions 
specified in Table 1 

regeneration of y, molecules of A3. The reduced co- 
factor N', a product of the generatory step, is re- 
oxidized at a rate uox. Part of I2 is consumed at a rate 
u, by the reactions not immediately involved in energy 
metabolism, i. r .  by a leakage. 

The flow of the A, molecules, produced at the 
generatory step, divides to give two branches : along 
one of them A, is spent at the initiatory step with a 
rate y , u ,  and along the other one A, enters a load at 
a rate 

uout = y.3 u 3 - h  ul .  (4) 

By the load we mean the reactions in which A3 is hy- 
drolyzed to A, at a rate u s .  On the scheme in Fig.1 
allowance is made for the production of A, at a rate 
u6 by an alternative source depicted by the symbol 
of an arrow in a small circle. 

It may be shown that the full schemes of glycolysis, 
glycogenolysis, fructolysis and glycerolysis as well as 
of oxidative phosphorylation with any pre-activated 
oxidation substrates may be reduced, by means of 
appropriate limit transitions, either to the kinetic model 
in Fig. 1 or to a very similar one showing all its essential 
properties. 

When analysing the kinetic model (Fig. 1) we pro- 
ceed from the following assumptions. 

a) The cofactor pools [A,] + [A,] = a, and m] 
+ [N'] = n, are constant. 

b) The cofactor N is in excess, and therefore the 
rate u3 is independent of its concentration. 

c) The rates of the single conversions may be ap- 
proximated by the expressions given in Table 1. 

Table 1. Rate laws as.sumrdfi)r the kinetic model of energy meraho- 
/ism (Fig.  1 ) 
For the rate law for ilk the following designations were used : .s = [S]. 
a, = [A2],a3 = [A,], i, = [ I , ] ,  i2 = [I,]; Vk(O I X I 5)aremaxi- 
mum rates; Kk and K ;  the Michaelis constants; ko the rate constant 
of the substrate source; k ,  the activity of the alternative energy 
source; Y k  are regulatory functions [13] incorporating the effect of 
non-stoichiometric (isosteric, cooperative or  allosteric) interactions 
on the rates uk. For the rate law in the dimensionless form vk =-, 

I:t 

Vl 

a, = [A2] + [A,]. vk are dimensionless ratcs; 6, a2, a,, I ,  and i2 

dimensionless conccntrations of the corresponding compounds: 
vOm. P2. P,, b4 and /I5 the relative maximum rates; /I6 the relativc 
activity of the altcrnative energy source; x , ,  x,, x4 and xs the 
relative Michaelis constants of steps 1 ,  3, 4 and 5 for A3, A,. IL and 
A,. respectively 

k Rate law for vk Rate law in the 
step dimensionless form 
number 

d) All non-stoichiometric (isosteric, cooperative 
or allosteric) interactions are absent, and therefore all 
the regulatory functions Y,  = 1 (1 I k I 5).  

e) 'lhe maximum rate of the cleavage step, V,, 
exceeds that of the initiatory step, V,, i .e. Bz = V2/  
v, > 1. 

f) The Michaelis constant of Reactions (1 - 3)  satis- 
fies the condition K, z K3 < a, 6 K , .  

g) The reactions run in an ideally stirred medium 
under conditions controlled by temperature and pH. 

MATHEMATICAL MODEL 

With due regard to the conservation law and the 
above assumptions (a - g), the time behavior of energy 
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Fig. 2. Quasi-starionarj loud characterisfi[,s oj m r r g j  nwtabolism showi bi k ' i ,~ .  1. /is = as/( 1 + xs) is the relativc load. 5, = [A3]/ao the relative 
quasi-stationary concentration of the cofactor A, that satisfies Eqn (10). The curves were derived from Eqn (11) for various values of the re- 
lative activity of the generatory step /& = V J V ,  (A), of the relative Michaelis constants for the leakage x4 = K4/'K3 (B) and for the load x s  = 
&/ao (C), and of the relative activity of the alternative source b6 = k,u,/y, V ,  (D). In the calculations we used the saturating substrate concen- 
tration u = 100 and the following parameter values: p3 = 16 (B, C, D), b4 = 2 (A, C, D), b4 = 0.5 (B). p6 = 0.05 (A, B, C), y2 = 2, 9 = 1, 
x1 = 0.1, x 3  = 0.5. x4 = 10 (A, C, D), x5 = 0.01 (A. D), and x5 = 0.1 (B). Hysteresis of the curves ii,(js) of the families A, C and D is due 
to competition between the initiatory step and the load for the cofactor A3, and that of the family B is due to competition between the generatory 
step and the leakage for the intermediate I,. Dashed portions of the curves correspond to unstable values of i, 

metabolism (Fig. 1) may be described by the equation Assumption (f) may be rewritten, with consider- 
ation for Eqns (6), in the equivalent form cI  = E~ + E~ system 

- d a  
- - vo-vv,, dT 

dl 1 
61- = v, -v2, d r  

d[2 
dr 

E2- = y2v2 - v3 - v4, 

a3 + a2 = 1, 

where 
T = V1t/Kl 

is dimensionless time (t is time) and 

C, = K 2 / K I ,  

4 1. 
We will not concern ourselves here with the be- 

havior of Eqns (5) at small times (T % el x EJ,  so we 
can pass to the limit -+ 0. This will reduce Eqns 
(5) to the model 

da  - 
- vo-v19 

in which q = yzy3 /y1  - 1 is the stoichiometric efficiency 
of the autocatalytic energy source and C4 = ~4(i;). 
T is the quasi-stationary concentration of I2 deter- 
mined by the equation 

(8) i = 0S(b  + l /b2  + 4 y2v1x4c)/c. 
(6) Here the following notations were used : 

c = d + ~ ~ - Y z V I .  The rest of variables and parameters of Eqns (5) are 
specified in Table 1. d = f13%?/(x3 + u2). 
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Fig. 3 .  Hysteresis oj the quasi-stationary input churucteristic of'tlie iniriatory step (thick S-shaped curve) and stable limit cycle C' (thin closed 
curve) surrounding the unstable srarionury point 0 ( A )  and alternative stationary states 01, O2 and 0, in model of Eqns (7) ( B ) .  
Point 0 is a point of intersection of the substrate source characteristic vo = vOm - boa (thick line) with the input characteristic of the 
initiatory step. u = [ S ] / K l  is the dimensionless concentration of the substrate S. i1 = v1(u.ti3) is the quasi-stationary dimensionless rate of 
the initiatory step that satisfies Eqns (10). Dashed portion of the input characteristic j ,  (u) corresponds to unstable values of C l .  The characteri- 
stic (a) is constructcd for p ,  = 16, b4 = 2, bs = 0.75, f i b  = 0.1, y2 = 2, 9 = 1, xI = 0.1, x,  = 0.5, x4 = Id, x5 = 0.045. Limit cycle C+ is 
obtaincd by numerical integration of Eqns (7) on a computer by Merson's modification of the Runge-Kutta method for the same parameter 
values and for v O m  = 0.5, Po = 0, c3 = 0.5. The relative error of integration is less than (B) Points 0,. O2 and 0, are points of intersection 
of the substrate source characteristic v,, = v,, - Po. (dashed line) with the hysteretic input characteristic of the initiatory step 8, (u) (thick 
curve). The characteristic i;, (a) is constructed for the same parameter values as the characteristic a, (u) on the left part of the figure. Points 0, 
and O3 are stable nodes, point O2 is a saddle and is therefore unstable. v,, = 1.2. Po = 0.12 

If B2 > 1, then the quasi-stationary concentration of 
I, is 

i, = VI/(B2 - v1). (9) 

For the time z - c3 4 1 a quasi-stationary state is 
reached in Eqns (7), in which a3 is very close to the root 
of the equation 

v,"t- vs f v6 = 0 (10) 

and is further denoted by &3. We shall introduce a 
relative load - the dimensionless parameter 

If ti3 is present, Eqn (10) can be solved explicitly for 
this parameter 

p 5  = ( 6 3  + XS) (;out P6E2)/ [E3(1 + XS)I. (11) 
Here 3,,, = voUt( i i3 )  and k2 = 1 - &3. Eqn (11) gives 
the plot E3 ( p , ) ,  i.e. the quasi-stationary load charac- 
teristic of energy metabolism. 

As seen from Fig.2, the characteristic ii3(/jS) reveals 
two important features. First, with the conditions 

- 9 1  B 3  

% 
or 

satisfied, this characteristic has a pronounced plateau 
within the stabilization interval 

1 . o r  

Fig. 4. 0.scillations of the tlin1r11sion1i~s.s initiator.r reaction i'liti'  i', = 
v,/V,. the dimensionless concentrations qf'ille substrate S /a = [ S J )  
K l ) ,  cojacior A,  (a, = [ A 3 / / a , , )  and ($the intermediates I ,  (i, = 
[Il]/U2) and l2 (i2 = [ 1 2 ] / K , )  in dimensionless time T = V,t/KI. 
Curves were obtained by numerical integration of Eqns (7) on a coin- 
puter using Merson's modification of the Runge-Kutta method for 
/lo = 0.12 = 2. bj 16.b4 z 2, bs = 0.75.Pe = 0.1,~z = 2 . ~ 3  = 
0.5, '1 = 1, xl = 0.1, X ,  = 0.5, ~5 = 0.045, XJ = 100, \'Om = 0.5 

If the substrate S is delivered by the source in 
excess (a % l), the stationary concentration of the 
cofactor A3, ti3, which satisfies the condition doids = 
da3/d7 = 0, only slightly differs from the quasi-station- 
ary one. In these conditions the stationary load charac- 
teristic, i. e. the function C3(& practically coincides 
with the quasi-stationary one, i3(pS). Thus, with con- 
ditions of Eqns (12), (13) satisfied, the autocatalytic 
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Fig. 5. Quasi-stationary load characteristics ojenergy metabolism (Fig. I) supplemented with the dismutase reaction A ,  + A ,  == A ,  + A ,  similar 
tu /he adenylate kinase reaction. ps = js/(l + x 5 )  is the relative activity of'the load and @ = ([A,] + 0.5[A2])/([A,] + [A2] + [A,]) is the 
quasi-stationary value of the energy charge [12.9] that satisfies Eqns (10) and (18). Curves were constructed from Eqns (1 1) and (18) for various 
values of the relative activity of the generarory step b, = V,/ V ,  (family A) and of the relative concentration of the substrate n (family B). I?, = 
16(A),Pa = 2 , &  = 0.5(A),& = 0.1 (B),y, = 2.8  = 1, X i  = O . ~ , X ,  = 0.5, xq 100, ~5 = 0.01 (A),x, = 0.0.5(B), u = 1OO(A), K = 1 

energy source (Fig. 1) can be an excellent stabilizer of 
the stationary and quasi-stationary level of A3 with- 
out participation of non-stoichiometric (isosteric, co- 
operative or allosteric) regulations [ 5 ] .  

Second, the characteristic 1 5 ~  (p,) reveals hysteresis, 
i. e. a Z-shaped non-linearity, readily seen on the curves 
in Fig. 2. This feature of the characteristic is due to the 
fact that at 

x4 < 1 

and/or 

xs < x1 (1 5 )  

Eqn (10) can be satisfied with three different values of 

ti3(1E3 < 2G3 < 3 4 ) .  

'B5 < 8 5  < 2 F 5 .  

If the relative load is within the interval 

where 'ps and '& are two critical values of ps with 
which Eqn (10) has double-multiple roots, the quasi- 
stationary input characteristic of the initiatory step, 
i. e .  the function 

i j 1 ( 0 )  = 01(~,63). 

also shows hysteresis (Fig. 3). 
Since open reaction systems with hysteretic input 

(or output) characteristics have been studied in detail 
[6-lo], it is not difficult to picture the properties of 
the autocatalytic energy metabolism (Fig. 1) at 

First of all, they are: the ability to generate self-oscilla- 
tions in the concentrations of A3, S, I ,  and I2 (Fig. 
3,4); multiple alternative steady states (Fig. 3) and 
the ability of sharp switching from one state to an- 
other [6,9, lo]; the ability to form dissipative structures 
in an initially homogeneous medium [lo, 111. 

EFFECT OF THE DISMUTATION 
A2 + A2+A, + A, O N  ENERGY METABOLISM 

Now we supplement the kinetic model (Fig. 1) 
with a fast reaction similar to the adenylate kinase 
reaction : 

I , ,  
A2 + A 2 F A 1  + A3 (16) 

and assume that its rate u7 is approximated by the 
equation 

1 
v7 = $Ka: - ala,), 

where 
v7 = v , /V l ,  E = V, /k -7  4 -g 1, 

ao = a1 + a2 + 03, a, = [A,]/u,, K = k + , / k - 7 .  

In this case the kinetic model (Fig. 1) may be described 
by a model of the type 

do  - 
- vo-v1, 

Y3 - 
Y1 

vout = ? V l  - - "4 

in which 
cp = c13 + 0.501, 

is the energy charge [12,9] and the concentrations 
a2 and a3 are given by the equations 

a2 = (1/1 + 4 ( 4 K - l ) c p ( l - c p ) - I ) / ( 4 K - l ) ,  (18) 
cL3 = Cp - 0.5Cr2. 

According to Eqns (17), the quasi-stationary value 
~p = 4, which satisfies Eqns (10) and (18), is very little 
dependent on the relative load in the interval 0 < / j 5  
< B, if any one of conditions of Eqns (12), (13) is 
fulfilled. This is apparent from the two families of 
load characteristics @(p5) shown in Fig.5. Thus, the 
autocatalytic energy source (Fig. 1) which includes the 
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Fig. 6 .  Self-oscillutions of the energy charge cp = ( 1  A3/  + 0.5[AJi/ 
( [ A , ]  f [ A , ]  + [ A , ] )  and of the dimensionless substrate concen- 
tration r~ = [S/jK, in energy metabolism (Fig. I) supplemented with 
the dismutase reaction AZ + A,  + A ,  + A,. T = V , t / K ,  is the di- 
mensionless time. Curves wcre obtained by numerical integration 
of Eqns (17) on a computer at Do = 0, /I, = 16, p4 = 2, /& = 0.75, 

x s  = 0.075. vOm = 0.5. For integration of Eqns (17) the approximate 
expressions a2 = 2cp (1-cp) and a3 Y cp2 were uscd which result 
from exprcssions (18) at cp(1 - cp )  <. 1 

O t '  ' ' ' ' ' 
0 

I j b  z= 0.1, y2 = 2. ~3 = 0.5, 'I = 1, X I  = 0.1, ~3 = 0.5, xq = lo2, 

dismutation reaction of Eqn (16) is able to stabilize 
to a high degree of accuracy the energy charge cp = 
ct3 + 0.5 u2 without participation of non-stoichio- 
metric regulations. 

The load characteristic $(&) also has hysteresis 
(Fig. 5 ) ,  its region of existence in the parametric space 
of Eqns (17) being considerably larger than a similar 
one in Eqns (7). As in the model of Eqns (7), hysteresis 
of the characteristic + ( p , )  leads to hysteresis of the 
input characteristic (a), which causes self-oscil- 
lations and other non-linear phenomena. An example 
of oscillations of the energy charge q in the model of 
Eqns (17) is given in Fig. 6 .  

DISCUSSION 
The results of this work lead us to conclude that 

energy metabolism in any cell performs two funda- 
mental functions : fine stabilization of the energy 
charge of the adenylic system, q, and generation of 
its oscillations. The apparent incompatibility of these 
two functions may be overcome if one takes into ac- 
count two alternative possibilities. First, it may be 
assumed that under some conditions energy metabo- 
lism stabilizes q, and under quite different conditions 
it generates the oscillation of cp. Second, both functions 
can co-exist at different time scales. If the oscillation 
period of cp is long (e. g. about a day), the values of cp 
observed for a period of time of about 1 h may appear 
practically constant. 

Our recent theoretical studies [6,7] have shown 
that the presence in a self-oscillating biochemical 
system of the reactions with fast reversible deposition 
of a substance results in a sharp increase of the oscil- 
lation period and in stabilization of the oscillations. 

Since the intermediates of energy metabolism in any 
cell are reversibly deposited in the form of various 
reserve substances (glycogen or starch, lipids, amino 
acids etc.), it is not improbable that energy metabolism 
can generate very slow oscillations, in particular cir- 
cadian ones, of the energy charge cp, which may lie in 
the basis of temporal organization of the cell. 

Though the concentration of the cofactor N is not 
taken into account in Eqns (7) and (17) on the strength 
of assumptions b - d, it is worth noting that a change 
in the rate of the generatory step, v 3 ,  brings about a 
change in the redox ratio ["I/"] according to the 
equation 

"'I/"] = V , / ( P u x -  V 3 ) .  

in which pox = koxn,/Vl and k,, is the rate constant 
of the oxidation N' + N. In general, the oscillation 
of cp must inevitably be followed by oscillations of the 
redox ratios of electron carriers, directly or indirectly 
involved in oxidation of the intermediates of energy 
metabolism. 

The conclusions derived from this work do not 
arise from oversimplification of the kinetic model 
(Fig. 1). The same conclusions result from the detailed 
stoichiometric models of glycolysis and oxidative 
phosphorylation, recently analysed in this laboratory. 
It would take considerable space to describe them here, 
and therefore we preferred to restrict oursclves to 
consideration of a minimal model. The more detailed 
models of the whole energy metabolism and a discus- 
sion of their relationship to local models of partial 
reactions (like models of glycolytic oscillators [6, 
8 - 10,14 - 241) will be presented elsewhere. 

The author expresses his sincere thanks to those participants 
of the VII International Berlin Symposium on Structure and Func- 
tion of Erythrocytes (Berlin, DDR, August 22-25, 1973) and of 
the colloquium "Analysis and Simulation of Biochemical Systems" 
of thc 9th FEBS Meeting (Budapest. August 25-30, 1974) who 
actively discussed the basic ideas concerned with this work. 
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