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Abstract

The default framework for modeling biochemical processes is that of a constant-volume reactor operating under steady-state

conditions. This is satisfactory for many applications, but not for modeling growth and division of cells. In this study, a whole-cell

modeling framework is developed that assumes expanding volumes and a cell-division cycle. A spherical newborn cell is designed to

grow in volume during the growth phase of the cycle. After 80% of the cycle period, the cell begins to divide by constricting about its

equator, ultimately affording two spherical cells with total volume equal to twice that of the original. The cell is partitioned into two

regions or volumes, namely the cytoplasm (Vcyt) and membrane (Vmem), with molecular components present in each. Both volumes

change during the cell cycle; Vcyt changes in response to osmotic pressure changes as nutrients enter the cell from the environment,

while Vmem changes in response to this osmotic pressure effect such that membrane thickness remains invariant. The two volumes

change at different rates; in most cases, this imposes periodic or oscillatory behavior on all components within the cell. Since the

framework itself rather than a particular set of reactions and components is responsible for this behavior, it should be possible to

model various biochemical processes within it, affording stable periodic solutions without requiring that the biochemical process

itself generates oscillations as an inherent feature. Given that these processes naturally occur in growing and dividing cells, it is

reasonable to conclude that the dynamics of component concentrations will be more realistic than when modeled within constant-

volume and/or steady-state frameworks. This approach is illustrated using a symbolic whole cell model.

r 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

Amajor objective of computational systems biology is
to model the kinetics of entire living cells at the
molecular mechanistic level (Palsson, 2000; Ideker et
al., 2001; Tomita, 2001; Kitano, 2002; Mori, 2004). If
they could be developed, such models would represent
the most compact, unambiguous and unified form of
biological hypotheses, and as such they could be used to
quantitatively explore interrelationships at both the
molecular and cellular levels. Such explorations could
provide insight into the mechanisms of healthy and
e front matter r 2004 Elsevier Ltd. All rights reserved.
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diseased cells, as well as a better understanding of how
system-level or whole-cell properties emerge from
intracellular interactions of molecular components
(Lindon et al., 2004).
Given the enormous complexity and unknown aspects

of living systems, formulating predictive whole-cell
molecular-level models will require complete and
massive genomic, transcriptomic, proteomic, and meta-
bolomic data sets (Aach et al., 2000; Covert et al., 2004).
Unfortunately, such data sets are not generally avail-
able, precluding significant advances in whole-cell
modeling efforts. However, it is not simply the lack of
data that inhibits such advances, but also the modeling
framework.
Excellent progress has been made in developing

computational approaches for modeling whole-cell
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Fig. 1. Cell composition and environment assumed for the whole-cell

modeling framework, including presumed geometrical relationships

during the cell-division cycle.
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processes (Mendes, 1997; Tomita et al., 1999; Schaff et
al., 2001; Hucka et al., 2003; Weitzke and Ortoleva,
2003; Takahashi et al., 2004). However, the constant-
volume assumptions made by these applications may
not be appropriate for modeling all of the processes
occurring in whole cells, processes which ultimately
convert environmental nutrients into another copy of
the original (or newborn) cell as a product of cell growth
and division.
Perret and Levey (1961) developed a model of cell-

volume expansion, in which a cell was assumed to house
an uncatalysed metabolic pathway that converted
nutrients into metabolites and to expand in proportion
to the amount of cellular components. Such a cell could
exist in an expanding steady-state in which volume and
amounts of metabolites increased exponentially while
concentrations remained invariant. Grainger and Bass
(1966), Grainger et al. (1968), Aris (1969), Kacser and
Beeby (1984), Brumen et al. (1984), Werner and
Heinrich (1985), and Joshi and Palsson (1989a, b,
1990a, b) analysed similar situations.
Athough these approaches are more realistic than

those which assume constant-volume, their volumes
expand indefinitely in contrast to real cells which exist in
a growth phase only until a critical size is achieved;
thereafter they shift into a division phase in which they
ultimately divide into two newborn daughter cells, each
equivalent to the original newborn cell in terms of
volume and cellular content. These two phases, growth
and division, together comprise the cell cycle. A second
deficiency in expanding-volume frameworks is that the
surface-area-to-volume ratio is changing monotonically
in such models (assuming an expanding sphere),
complicating issues of how to model membrane
components within a cell. In this paper we consider
these issues and develop a framework appropriate for
whole-cell modeling. We also illustrate the properties of
this framework using a simple symbolic whole-cell
model.
2. Fundamentals of our whole-cell modeling framework

Our framework consists of a number of fundamental
assumptions as well as a method for incorporating those
assumptions within the context of a general system of
ordinary differential equations, the approach commonly
used for deterministic kinetic modeling of chemical
processes. In this section, we describe these assumptions
and organize them into groups (A1)–(A4). The gist of
these assumptions can be gathered by inspecting Fig. 1.
(A1) Regions, volumes and components: Three spatial

regions are assumed, including cytoplasm, membrane

and environment, with the membrane encapsulating the
cytoplasm and the environment encapsulating the
membrane. The cell is defined as the cytoplasm and
membrane regions. At initial time t ¼ 0 the so-called
newborn cell has a reduced or dimensionless total
volume

V ¼ V cyt þ Vmem; (1)

where Vcyt and Vmem are cytoplasm and membrane
volumes, respectively.
Each region contains molecular components; those

found in the environment are called nutrients. The cell
contains m components, with ni and Ci corresponding to
the number of moles and concentrations of component i,
respectively. Vectors C and n are organized such that
their first q components (i.e. for 1pipq) are located in
Vcyt while the remaining m-q (i.e. for qoipm) are
located in Vmem:

n ¼ f n1 n2 ::: nq|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
cytoplasmic

components

nqþ1 nqþ2 ::: nm|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
membrane

components

g; (2)

C ¼
n1

V cyt

n2

Vcyt

:::
nq

V cyt

�
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

cytoplasmic

components

nqþ1

V mem

nqþ2

V mem

:::
nm

Vmem

�
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

membrane

components

:

(3)

The relationship between C and n is given by

C ¼ Z�n; (4)

where Z is a diagonal m�m matrix with the first q

entries on the diagonal given by 1/Vcyt and the
remaining m-q entries on the diagonal given by 1/Vmem.
(A2) Osmotic pressure invariance. Vcyt is assumed to

vary, and to vary such that the osmotic pressure of the
cytoplasm (pcyt) matches that of the environment
(pcy ¼ penv ¼ p) at all times. Thus, Vcyt is viewed as a
smooth function of time with volume Vcyt0 at t ¼ 0: At
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all times, the cytoplasm satisfies the ideal gas law

V cytðtÞ ¼
RGT

p

Xq

i¼1

niðtÞ; (5)

where RG is the gas constant and T is temperature in
Kelvins. Growth by osmotic pressure invariance re-
quires that components from other regions can move
into Vcyt, or that components within Vcyt react amongst
themselves to increase their total numbers.
(A3) Reactions and cell growth. Components in all

three regions may react with components in the same or
adjacent regions. Thus, reactions between nutrients and
membrane components are allowed, as are reactions
between membrane and cytoplasm components. Nutri-
ents and cytoplasm components may not react. The
newborn cell grows or expands in time such that Vcyt,
Vmem and all of their molecular components double

within period t: This period will be referred to as the cell

cycle. From the beginning to end of the cell cycle,

1pV cytp2: (6)

To avoid violating the conservation of matter or the
laws of thermodynamics, nutrients are imported into the
cell and converted into each and every cellular
component, such that ni for each component doubles
as Vcyt and Vmem double. Also, the concentration vector
C at t ¼ t must equal C at t ¼ 0: Importing nutrients
requires that at least one component of the cell is located
in Vmem and serves (as a membrane-bound receptor) to
transfer nutrients into the cytoplasm. These assumptions
imply that all cellular components are derived (either
directly or indirectly) from nutrients.
(A4) Morphology during cell-division cycle. The new-

born cell is a sphere with V cyt ¼ 1: During the cell cycle,
this sphere expands until V cyt ¼ 1:8 at which point its
middle begins to constrict as though a ring is being
tightened. Constriction continues until V cyt ¼ 2; at
which point the imagined ring has a radius of 0, cell
division is complete, and two daughter cells are
obtained, each with Vcyt ¼ 1: The shape of the cell
during constriction is that of two overlapping spheres.
The assumption that the membrane encapsulates the

cytoplasm elicits a rather stringent relationship between
Vcyt and Vmem. The surface-area-to-volume ratio
S(Vcyt)/Vcyt of a growing sphere declines with time
whereas the final S(Vcyt)/Vcyt ratio must return to that of
the newborn cell by the time t ¼ t: This requires that
during the constriction portion of the cell cycle, S(Vcyt)/
Vcyt increases rather dramatically (since this phase lasts
just 20% of the total cycle period). Thus, the rate by
which Vcyt and Vmem change during the cell cycle must
differ from each other and cannot be constant values.
This renders steady-state solutions impossible but
permits stable periodic solutions.
Although Vcyt is determined from the osmotic
pressure in the cytoplasm, there is no analogous means
of determining Vmem. Given the invariant thickness of
real lipid bilayers, we assume that membrane thickness d

is constant, and the membrane volume is a function of
the cytoplasm volume having the form

V memðV cytÞ ¼ d�SðVcytÞ; (7)

where S(Vcyt) is the surface area of Vcyt. Thus Vmem is
viewed as a smooth function dependent exclusively on
cytoplasm volume Vcyt. This reduces our problem of
determining Vmem(Vcyt) to that of determining S(Vcyt)
throughout the cell cycle. During constriction, the cell is
presumed to have the two-dimensional cross-section
shown in Fig. 1 (third picture from left). However, the
reduced radius r of the two identical overlapping spheres
making up the cell and the constricting radius b must
both be known to determine the shape of the cell and
thus S(Vcyt); knowledge of Vcyt alone is insufficient. We
circumvent this problem by noting that S(Vcyt)/Vcyt will
be a smooth periodic function with period given by the
cell cycle. We can form S(Vcyt) during the cell growth
phase of the cell cycle since the cell is spherical during
this phase. Then we construct a cubic spline function for
the behavior of S(Vcyt)/Vcyt during the division phase
which connects smoothly with the end of the growth
phase and the beginning of the next growth phase.
3. Kinetic modeling within different frameworks

In this section, we construct a framework in which
systems of reacting chemical components can be
modeled while adhering to assumptions (A1)–(A4).
However, we begin with a simpler situation; that of a
chemical system located in a single well-mixed region
with a volume Vcyt that does not change with time. The
system is assumed to involve s reactions and m

components. In this case, time-dependent concentration
changes are modeled by a system of ODEs of the form

C 0
¼ FðC ;kÞ ¼ MRðC ;kÞ; (8)

where k represents a 1� s vector of rate-constants and
the vector C 0 is composed of elements dCi/dt. Vector F is
a function of C and k, and has elements Fi. This function
can be decomposed into M, an m � s stoichiometric
matrix, and R(C,k), an s � 1 vector of reaction rates Rh

where 1ohos: In the case of unidirectional elementary
reactions,

Rh ¼ kh

Ym
j¼1

C
dhj

j ; (9)

where dhj corresponds to the stoichiometric coefficient of
component j in reaction h.
Next consider an analogous system for which the

volume of the component-containing region (Vcyt) can
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Fig. 2. Setup for introducing the w function.
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vary in accordance with (A2). We show in Appendix A
that this system is modeled using individual ODEs of the
form

dCi

dt
¼ F iðC ;kÞ 
 aðC ; kÞCi; (10a)

dV cyt

dt
¼ aðC ;kÞV cyt; (10b)

aðCðtÞ;kÞ ¼
RGT

p


 �Xq

i¼1

FiðCðtÞ; kÞ; (10c)

where Fi is similar to that in (8) and a is a function of C
and k, equal to a constant multiplied by the sum of the
concentration changes of every component in Vcyt. The
first term in (10a) reflects chemical reactions while the
second reflects dilution cause by volume expansion.
aðC ; kÞ is essentially a first-order rate-constant describ-
ing the decline in the concentration of every component
due to volume expansion (assuming a40). The same
aðC ; kÞ term is used for all components in the cell, as all
are diluted at the same rate. This rate of dilution is
determined, in turn, by the combined rates of various
chemical reactions that involve those components. Thus,
the system is self-consistent. The crucial difference
between the constant-volume system and the variable-
volume system is that the former does not including the
term 
aðC ;kÞCi: Another important consequence of
this modeling system, as shown in Appendix B, is that
the sum of cytoplasmic component concentrations is
invariant with time as long as all elements of k are
positive and the set of component concentrations solves
(10) (see below).
An expanding system like that just described can exist

at steady-state. In this case, C, F, and a become the
constants ~C ; ~F and

~að ~C ; kÞ ¼
RGT

p

Xq

i¼1

~Fið ~C ; kÞ: (11)

Under these conditions, Vcyt exhibits pure exponential
growth,

V cyt ¼ V cyt0e
~at: (12)

In an expanding steady state, ~a is the average
logarithmic growth rate-constant for the cell, with
dimensions of reciprocal time. For expanding systems,
~a40; for constant-volume systems, ~a ¼ 0; and for
contracting systems, ~ao0: Such steady-state systems
are unstable if ~ao0:
Now consider a system involving two adjoining

regions (Vcyt and Vmem) in which volumes differ but
are invariant with time, as illustrated in Fig. 2. In this
case components will localize in either the membrane or
the cytoplasm, but they might transfer from one region
to the other. In Fig. 2, component P in Vcyt transfers to
Vmem, where it becomes the distinct component Pmem. If
the volumes of the two regions were equal (i.e.
V cyt ¼ V mem), then changes in the concentrations of P

and Pmem would be given by



dP

dt
¼
dPmem

dt
¼ Rh:

However, we show in Appendix C that this relationship
does not hold when V cytaVmem and that the corre-
sponding relationship is



dP

dt
¼ w

dPmem

dt
¼ Rh;

where

w ¼
V mem

V cyt

: (13)

The inclusion of w is required by the conservation of
matter. Modeling a system within this framework
requires that reaction fluxes Rh involving components
in different compartments be either multiplied or
divided by w (or 1) as in

yRh ¼ ykh

Ym
j¼1

C
dhj

j ; where y ¼
1

w
; y ¼ w; or y ¼ 1:

(14)

For any interregional reaction, the rate at which
reactant concentrations decline is given by (9) i.e. y ¼

1: This is so because mass-action-derived rates are
functions of reactant concentrations only. On the other
hand, the rates at which product concentrations increase
is given by (14) with y ¼ 1=w if the product is in the
membrane or y ¼ w if the product is in the cytoplasm.
To satisfy these requirements, the s reactions of the

system are divided into two groups. Uniregional groups
involve reactants that do not move locations during the
reaction while the interregional groups involve reactants
that relocate during reaction. For both reactants and
products of the uniregional group, and for reactants in the
interregional group, reaction rates are given similar to (8).
Then the modeling equation analogous to (8) becomes

Z
dn

dt
¼ FðC ; k; wÞ ¼ ðM1 þ YM2ÞRðC ; k; wÞ: (15)

In this setting, the stoichiometric matrix M ¼ M1 þ YM2

whereM1 includes stoichiometric coefficients for reactants
and products of all uniregional reactions as well as
stoichiometric coefficients for reactants of interregional
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Fig. 3. Dependence of (a) S(Vcyt); (b) H(Vcyt) and (c) wðVcytÞ on Vcyt.

Solid lines in a, b, and c were obtained by numerically solving Eqs.

(22), (23), and (A.19) respectively, assuming a spherical cell, an initial

absolute cytoplasm volume, Vcyt½units�0 ¼ 102 mm(or 1:02� 10
13 L),
and an initial cytoplasm radius rcyt0 ¼ 4:65 (rcyt½units� ¼ 2:9mm).
Membrane thickness d was assumed to be 0.0112 (d ½units� ¼

0:007mm). In c, the averaged value of �w ¼ 0:0658:
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reactions, M2 includes stoichiometric coefficients for the
products of the interregional reactions, and Y is a m�m

diagonal matrix with the first q entries on the diagonal
equal to w and the remaining m-q entries equal to 1=w:
We are now prepared to consider a system involving

two adjoining regions (Vcyt and Vmem) in which the
volumes of each differ and vary in time. Chemical
systems within this framework can be modeled with a
system of ODEs given by

dCi

dt
¼ FiðC ; k; wÞ 
 aðC ;k; wÞCi for 1pipq;

dCi

dt
¼ FiðC ; k; wÞ 
 bðC ;k; wÞCi for qoipm;

dV cyt

dt
¼ aðC ;k; wÞVcyt; ð16Þ

where a is given by (10c), and b is assumed to be a
function of C, k, and w: b serves an analogous role in the
equations for membrane components as that served by
aðC ; k; wÞ in the equations for cytoplasmic components,
namely as an apparent first-order rate-constant for the
dilution of membrane components. The challenge here is
to describe b in a manner that could be numerically
evaluated. As mentioned in (A4), we assume that
membrane thickness d is constant, and that the shape
of the cytoplasm and membrane depend exclusively on
cytoplasm volume Vcyt; that is, Vmem is assumed to be a
smooth function of Vcyt on the interval [1,2] called
Vmem(Vcyt). This function can be constructed from the
specific geometrical changes that occur as the cell grows
and divides. Hence, b can be derived from Vmem(Vcyt).
Taking this into account, we show in Appendix D that
the ODEs in (16) reduce to

dCi

dt
¼ FiðC ; k; wÞ 
 aðC ;k; wÞCi for 1pipq;

dCi

dt
¼ FiðC ; k; wÞ 
 HðVcytÞaðC ;k; wÞCi for qoipm;

dV cyt

dt
¼ aðC ;k; wÞVcyt; ð17Þ

where

HðV cytÞ ¼
b
a
: (18)

The function H(Vcyt) is the ratio of the relative rate of
change in membrane and cytoplasm volumes. We set the
interval for Vcyt as [1,2] as this interval imposes the
physical doubling which occurs through cell division.
However, Vmem(Vcyt) can be extended naturally outside
of this interval. As a result, H(Vcyt) can be realized for
all V cyt40: A plot of H(Vcyt) is given in Fig. 3 for a
special case involving the growth and division of
spherical cells. We show in Appendix E that H(Vcyt) is
2x-periodic and is constant only when Vmem(Vcyt) is
proportional to Vcyt ðV memðVcytÞ ¼ Vmemð1Þ�V cytÞ: Since
it is highly unlikely that this relation between Vmem and
Vcyt is realized, the function H(Vcyt) can be viewed as a
non-trivial periodic forcing term in (17) provided the
differential equation for Vcyt causes Vcyt to double. This
is the mechanism which makes it plausible to believe
that systems modeled within this framework will have
periodic solutions. This is also the mechanism by which
changes in cell shape influence concentration changes
throughout the cell cycle.
In summary, the ODE system (17) describes our

whole-cell modeling framework based on assumptions
(A1)–(A4). It can be applied to any whole-cell model
that includes a chemical reaction network and a defined
cell morphology. Changes in morphology dictate the H-
function and establish the periodic behavior of the
framework. Time profiles for each component as well as
time profiles for cell volume can be determined if initial
concentrations and reaction rate constants are known.
4. Idealized steady-states of periodic systems

Stable periodic solutions differ fundamentally from
steady-state solutions in that component concentrations
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change with time. Nevertheless, it is possible to
construct an idealized steady-state from a stable periodic
state, and this construction may be useful for reducing
the complexity of a system. Suppose that there is a
componentwise positive vector of values ~C which
represents the expected average value of the concentra-
tion vector C during a cell cycle. We assume that the
average length of the cell cycle is a constant t40: In the
idealized cell, we also assume that a is a constant equal
to ln 2=t and that Vcyt grows in a purely exponential
fashion with doubling time t: We show in Appendix F
that under these conditions, the average value of
H(Vcyt(t)) over the interval ½0; t� equals �H ¼ 1; while
the average value of w equals
V memðV cytÞ ¼
dð36pÞ1=3V 2=3

cyt for 1pV cytp1:8;

da1V
4
cyt þ da2V

3
cyt þ da3V

2
cyt þ da4V cyt for 1:8oV cytp2:

(
(23)
�w ¼
1

ln 2

Z 2

1

VmemðVcytÞ

ðVcytÞ
2

dVcyt: (19)

A numerical value for (19) can be obtained once
the geometrical changes occurring during the cell cycle
are specified. Substituting these values into the equa-
tions for Ci in (17) and setting the left-hand side
to 0 affords the equations for the idealized steady

state ~C :

0 ¼ F ið ~C ;k; �wÞ 

ln 2

t
~Ci 1pipm: (20)

For a selected set of component concentrations ~C ; the
corresponding k vector can be obtained by solving the
idealized steady-state system (20). Doing so often
reduces the number of unknown values in the vector k
and it helps locate periodic solutions to (17) that are
near to the idealized steady state. We illustrate this
process below.
In Appendix G, we show that if ~C is an idealized

steady-state of the system

dCi

dt
¼ F iðC ;k; wÞ 
 aðC ;k; wÞCi; 1pipm (21)

associated with a given vector k, að ~C ; k; wÞ ¼ ln ð2Þ=t;
and Jð ~C ;kÞ is the Jacobian with respect to C, then

 ln ð2Þ=t will be an eigenvalue of Jð ~C ;kÞ: Thus under
these conditions there is an inverse relationship between
the cell cycle period t and the rate by which the averaged
system recovers from perturbations similar to those
examined by Yang et al. (2003).
5. Constructing the function Vmem(Vcyt)

We show in Appendix G that the normalized surface-
area function for our growing and dividing cell is

SðVcytÞ

V cyt

¼

3
3
4p Vcytð Þ

1=3 for 1pV cytp1:8;

a1V
3
cyt þ a2V

2
cyt þ a3V cyt þ a4 for 1:8oV cytp2

8<
:

ð22Þ

with a1  
253:6705177; a2  1445:747477; a3 


2739:749691 and a4  1730:709592: Thus, V memðV cytÞ is
Values a1, a2, a3, and a4 must be computed to more
decimal places than displayed to accurately employ the
function S(Vcyt), and ultimately the equation
V memðV cytÞ ¼ d�SðV cytÞ in the formulation of w: A plot
of S(Vcyt) is shown in Fig. 3 (top panel). We can also
plot the periodic forcing function H(Vcyt) defined in (18)
(Fig. 3, middle panel) and w(Vcyt) from (13) (Fig. 3, bottom
panel). All of these functions are 2x-periodic. H(Vcyt) is
constant for 1oV cyto1:8 (with HðV cytÞ ¼ 2=3), followed
by sharp increase and decrease on the remaining portion of
[1,2]. This behavior (as well as that of wðV cytÞ) can cause
components in (17) to oscillate. This approach of
constructing the function H can be applied to any
arbitrary cell shape.
6. Example of a whole-cell model using this framework

In this section we introduce a whole-cell model and
show how our framework can be applied. The model
presented is not intended to be realistic or experimen-
tally connected to a particular cell. Imagine the situation
depicted in Fig. 1, including a cell composed of a
cytoplasm (green region) and encapsulated by a
membrane (orange region). We assume (A1)–(A4);
hence changes in cell cycle shape, relationships between
Vcyt and Vmem, and the H(Vcyt) and S(Vcyt) functions
which have been calculated above are all applicable. The
cell exists in an environment (blue region) containing
nutrients symbolized collectively as N (brown balls). The
cytoplasm has 3 components, including metabolome
(M, blue balls), genome (G, yellow ball), and proteome
(P, pink balls). P reversibly partitions between cyto-
plasm and membrane, with membrane-bound Pmem
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Table 1

Reactions and reaction rates included in the model

Reaction Location Catalyst Reaction rate

N ! M Interface P2mem R1 ¼ k1P
2
memN

M ! P Cytoplasm G R2 ¼ k2GM

M ! G Cytoplasm P R3 ¼ k3PM

P ! Pmem Interface None R4 ¼ k4P

Pmem ! P Interface None R5 ¼ k5Pmem
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treated as a distinct component. Pmem is the only
component of the membrane; it functions to catalyse
both the import of N into the cytoplasm and the
transformation of N into M. G catalyses the synthesis of
P from M; P catalyses the synthesis of G from M. These
reactions are explicated in Table 1. Applying mass-
action law kinetics affords the reaction rates given in
Table 1, where k1–k5 are positive rate-constants. For
reasons discussed in Appendix I, rate R1 is assumed to
be second-order in Pmem.
The mathematics used in constructing the H function

in the previous section employed reduced volumes,
whereas absolute volumes are more appropriate for
applications (discussed in Appendix J). The newborn
cell is assumed to have an absolute cytoplasm volume
V cyt0½units�

¼ 102 mm3 (or 1.02� 10–13 L), radius r0½units� ¼

2:9mm; surface area S0½units� ¼ 106mm2; membrane
thickness d ½units� ¼ 0:007mm: These values are remi-
niscent of Saccharomyces cerevisiae (Baker’s yeast)
(Srinorakutara, 1998). During the cell cycle, absolute
cytoplasm volume Vcyt[units] will increase to 2Vcyt0½units� ¼

2:04� 10
13 L: The average length of the cell cycle is
presumed to be 100min, so that ~a ¼ lnð2Þ=100 min
1:
The concentration of N is constant and equal to
307; 000 mM (micromoles/liter). This concentration for
a non-electrolyte affords isotonic osmolarity corre-
sponding to an osmotic pressure penv ¼ 7:80 atmo-
spheres at 37 1C (310K; RG ¼ 0:082 l atm=mol=K).
Concentrations M, G, P, and Pmem are variables of
time, but the sum of M, G and P must be invariant in
time; i.e. M þ G þ P ¼ M0 þ G0 þ P0 for tX0:Namely,
the sum of concentrations of M+P+G must equal
307; 000 mM; so that pcyt equals penv as required by (A2).
The concentration vector C is

C ¼ ½M G P Pmem�
T

¼
nM

Vcyt½units�

nG

Vcyt½units�

nP

Vcyt½units�

nPmem

V mem½units�

� �T
; ð24Þ

Vcyt[units] is given by

V cyt½units� ¼
RGT

p
½nM þ nG þ nP�

¼
ð0:082Þð310Þ

7:80
½nsum
cyt�: ð25Þ
Assumed averaged concentrations (used as initial
values for numerical simulations) for all other reagents
are presented below and constitute the idealized steady-
state vector ~C : Genome ~G was assumed to equal
0:12 mM and can be viewed as corresponding to a cell
system with ca. 7000 genes per cell and 1 copy of each
gene per newborn cell volume. Hence

0:12 mM ¼
7000� 1

ð6:022� 1023ÞV cyt0½units�

: (26)

Proteome ~P was assumed to equal 850mM (5000
proteins; 10,000 copies of each per cell, reminiscent of
the situation in S. cerevisiae (Ghaemmaghami et al.,
2003). Metabolome ~M was taken to be 306; 150mM
(¼ 307; 000mM– ~P – ~G), and Pmem0 was assumed to
equal 850mM: The particular initial values chosen were
not important in the analysis.
Taking into account that the first, fourth and fifth

reactions occur on the membrane:cytoplasm interface
with separated reactants and products, the differential
equations describing the system (17) include:

dM

dt
¼ F1ðC ;k; wÞ 
 aðC ;k; wÞM ;

dG

dt
¼ F2ðC ;k; wÞ 
 aðC ;k; wÞG;

dP

dt
¼ F 3ðC ;k; wÞ 
 aðC ; k; wÞP;

dPmem

dt
¼ F4ðC ; k; wÞ 
 HðVcytÞaðC ;k; wÞPmem;

dVcyt

dt
¼ aðC ; k; wÞVcyt; ð27Þ

where

F 1ðC ;k; wÞ ¼ wðV cytÞR1 
 R2 
 R3

¼ k1NwðVcytÞP
2
mem 
 k2MG 
 k3MP;

F 2ðC ;k; wÞ ¼ R2 ¼ k2MP;

F 3ðC ;k; wÞ ¼ R3 
 R4 þ wðV cytÞR5

¼ k3MG 
 k4P þ k5wðVcytÞPmem;

F 4ðC ;k; wÞ ¼
1

wðV cytÞ
R4 
 R5

¼ k4
1

wðVcytÞ
P 
 k5Pmem; ð28Þ

and

aðC ;k; wÞ ¼
RGT

p

X3
i¼1

FiðC ; k; wÞ

¼
RGT

p
ðwðVcytÞR1 
 R4 þ wðV cytÞR5Þ

¼
RGT

p
½wðVcytÞk1NP2mem 
 k4P

þ wðVcytÞk5Pmem�: ð29Þ
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The same system in matrix form is represented in
Appendix K, to demonstrate the construction of the
matrices M1 and M2 introduced in (15).
Reaction rate-constants are unknown parameters in

our model. The number of the unknown rate-constants
can be reduced by identifying an idealized steady-state
for the averaged system associated with (17). This is
obtained by setting the equations of (27) equal to zero
and substituting averaged �w; �H and ~a in place of w; H

and a; respectively. The result is

F1ð ~C ; k; �wÞ 
 ~a ~M ¼ 0;

F2ð ~C ; k; �wÞ 
 ~a ~G ¼ 0;

F3ð ~C ; k; �wÞ 
 ~a ~P ¼ 0;

F4ð ~C ; k; �wÞ 
 ~a ~Pmem ¼ 0;

að ~C ; k; �wÞ ¼ ~a: ð30Þ

With values assumed for the vector ~C ; substitution into
(30) yields a system with infinitely many solutions
depending on arbitrary (i.e. unrestricted) values for k5.
When k5 ¼ 0:1min
1 we have

k1 ¼ 1:50� 10
6 mM
1 min
1;

k2 ¼ 3:20� 10
12 mM
1 min
1;

k3 ¼ 1:61� 10
4 mM
1 min
1;

k4 ¼ 7:03� 10
4 min
1;

k5 ¼ 0:1 min
1: ð31Þ

In general, these k-values are free parameters, and the
period of the cell cycle depends upon all of these values.
Using this method with an idealized cell cycle allows us,
as we will see below, to find the relation between k-
values that will produce the desired period of the cycle.
Maple 8.0 software was used to solve the system (30).

Obtained k-values were placed in (17) and the unrestrained
system was solved assuming the initial concentrations
given by the idealized steady state ~C : A seventh–eighth-
order Runge–Kutta method was used with 20 digits
precision to numerically integrate the system of ODEs.
When V cyt ¼ 2; we restarted Vcyt at 1. This did not cause
any difficulty in the system since the function Hð1Þ ¼
Hð2Þ: The system is restarted to avoid numeric round-off
error, which can result from Vcyt doubling repeatedly and
becoming quite large after a few cycles.
Solving the system in this manner leads to quick

convergence to time-periodic oscillations regardless of
the value of k5. A multitude of oscillating solutions was
produced for 10
7ok5o100: For example, the value
k5 ¼ 0:1 gives oscillatory behavior after only a few
iterations of this process, with an approximate period of
t ¼ 99:9999955min (Fig. 4, dashed line on right).
Importantly, the framework afforded full periodic
behavior for each cellular component. This oscillation
was enforced by the periodic H-function. Nutrient influx
R1 depends on the H-function that leads to oscillations
of M. Since the product of this reaction (M) affects the
rates at which all other components in the cell are
synthesized, all cellular components oscillate.
A plot of M vs. Vcyt (Fig. 5) is fairly similar to the M-

vs.-time profile, as Vcyt varies monotonically with time.
Under these conditions, the division phase begins at t ¼

84:8min (Fig. 4, dashed line on left and Fig. 5, dashed
line). Thus, minima and maxima for this plot are not in
phase with cell growth and division processes. Temporal
changes of Pmem are correlated with changes of w
throughout the cell cycle.
To highlight different behaviors obtained by modeling

within the context of different frameworks we evaluated
the same model in constant-volume and expanding
volume/steady-state frameworks (assuming a spherical
cell). Using the same initial conditions, numerical
solutions for the component concentrations were found.
Results are presented in Fig. 6 where the time-profiles
for the concentration of M and the volume are plotted.
M grows exponentially in the case of the constant-
volume framework, the result of the autocatalytic loop
involving nutrient influx. In the expanding-volume
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steady-state framework, the same reaction network
again leads to different behavior—in this case M

approaches steady state. In our whole-cell framework,
M oscillates in accordance with the cell growth and
division period.
7. Advantages and implications of the whole-cell

modeling framework

The framework developed here has a number of
advantages, relative to more common frameworks that
assume steady-state conditions and/or constant vo-
lumes. One advantage is that it allows morphological
changes of a cell that occur during the cell cycle to be
included while modeling a system of chemical reactions
occurring in that cell. This leads to stable periodic
solutions rather than steady-state solutions, clearly more
realistic behavior relative to real cells. There are no strict
requirements regarding the shape of the cell, the rate of
growth, the point at which constriction begins, or the
assumed geometrical changes. However, if a different set
of such parameters are needed relative to those assumed
here, new H(Vcyt), S(Vcyt) and w(Vcyt) functions must be
calculated.
A second advantage of our framework is that the

framework itself, rather than a particular set of
reactions and components, is responsible for the stable
periodic behavior. This should make it possible to
obtain stable periodic solutions for various biochemical
processes modeled within it, without requiring that
those processes themselves generate oscillations as an
inherent feature.
Another advantage is that our framework allows

accurate modeling of systems with both membrane and
cytoplasmic components, since it accommodates surface
areas between these volumes as well as size differences.
There are numerous biochemical systems involving
membrane:cytoplasm interactions whose modeling
could benefit from using this framework.
The dynamics of molecular biological processes

occurring in growing and dividing cells should be more
realistic when modeled within our framework than one
assuming constant-volume and/or steady-state, because
the rates of individual reactions within a system will be
constrained by the periodicity of the cell cycle and the
requirement that molar amounts of all components of
the system must double as cell volume doubles during
the cell cycle. Similarly, the rate at which these systems
recover from perturbations should be more realistic
when applied within our framework as such rates are
inherently connected to cell cycle periodicity. In other
frameworks, there may be no such connection.
In constant-volume frameworks, the effects of dilu-

tion caused by cell volume expansion must be artificially
treated as ‘‘decay’’ or ‘‘degradation’’ processes. Such
‘‘decay’’ terms should be applied to each and every
component of the model (to parallel the effects of our a
term), but it seems common that only selected compo-
nents are assumed to decay. Such selections are
arbitrary and can distort the behavior of the system.
A final advantage (or disadvantage, depending on

one’s perspective) of our framework is that it requires
that each and every process within a biological cell be
included at some level of detail in each model assumed—
hence it is truly a whole-cellmodeling framework. Whole
cells must grow on nutrients present in an environment
that encapsulates the cell. The number and type of
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nutrients is not restricted, but they must be at fixed
concentrations for stable periodic solutions to be
obtained. Thus, whole cells must synthesize every

component within themselves, either from imported
nutrients or from derivatives thereof. Unsynthesized
components would dilute with time and yield unstable
periodic orbits. We realize that most investigators will
be focused on a particular aspect of cellular function (a
module), making modeling within a whole-cell frame-
work cumbersome relative to other frameworks. This
difficulty could be minimized by modeling just the
module of interest at the molecular level of detail and by
modeling all other processes (call these ‘‘housekeeping’’
processes) at an exceedingly simple supra-molecular
level where large numbers of components and reactions
are lumped or combined. There might also be a long-
term benefit of modeling within a whole-cell framework,
in that it might facilitate the combining of different
modules and hence the construction of an extraordinary
whole-cell model in which all processes would be
included at the molecular level of detail. Whether a
whole-cell framework would facilitate such combining
of modules is an unexplored issue.
The framework as it now exists is preliminary and

further developments are underway to improve it. The
most egregious problem is that the details of the cell
cycle process (e.g. time at which cell division com-
mences) are imposed rather than the natural conse-
quence of a molecular-level triggering mechanism. The
inclusion of multiple volumes within the cell (for various
organelles) is also required, as is the inclusion of
phospholipid in membrane volumes. These and other
improvements are currently being investigated.
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Appendix A. Derivation for the framework assuming a

single region with expanding volume and osmotic pressure

invariance

Under these circumstances, changes in the number of
molecules caused by chemical reactions for any given
reaction volume can be modeled in a manner analogous
to (8), but in terms of moles of components, in the form
(Aris, 1969)

1

V cyt

dni

dt
¼ F iðC ;kÞ for 1pipq: (A.1)

Changing reaction volume is taken into account by
assuming that Vcyt varies in accordance with (5).
Differentiating (5) yields the dependence between the
rate at which Vcyt changes in time and the rates of
chemical reactions occurring inside the cytoplasm:

dV cyt

dt
¼

RGT

p


 �Xq

i¼1

dni

dt
: (A.2)

Combining (A.1) and (A.2) leads to

dV cyt

dt
¼

RGT

p


 �Xq

i¼1

1

Vcyt

dni

dt


 �
V cyt

¼
RGT

p


 �Xq

i¼1

FiðCðtÞ; kÞV cyt

¼ a CðtÞ;kð ÞV cyt; ðA:3Þ

where the function aðCðtÞ;kÞ is defined by (10c).
Combining (A.1) and (A.3), the set of mass/pressure
balance equations can be rewritten in terms of concen-
trations (Aris, 1969), as

dCi

dt
¼
d

dt

ni

Vcyt


 �

¼
1

V cyt

dni

dt



ni

V2
cyt

dV cyt

dt

¼
1

V cyt

dni

dt

 Ci

1

V cyt

dVcyt

dt


 �
¼ Fi C ; kð Þ 
 a C ;kð ÞCi: ðA:4Þ

Thus, these systems are modeled assuming the set of
reactions given by (10a), (10b), and (10c).
Appendix B. The relationship between sum of component

concentrations as a function of time

Theorem. If k is a fixed, componentwise positive vector of

rate constants and ðC ;VcytðtÞÞ solves (17), thenXq

i¼1

CiðtÞ ¼
Xq

i¼1

Cið0Þ for all tX0 (A.5)

Proof. Let k be given as above. Then

C 0
¼ FðC ;k; wÞ 
 aðC ; k; wÞC (A.6)

Define the vector e as a vector whose first q entries equal
1, and the remaining m–q entries equal 0. Using this
definition we can rewrite the ideal gas law (5) and the
definition of a in the form

RGT

p
C �e ¼ 1 and a ¼

RGT

p
F�e: (A.7)

Substituting C0 from (A.6) and using the equations in
(A.7), we find

d

dt
ðC �eÞ ¼

d

dt
ðCÞ�e ¼ ðF 
 aCÞe

¼ Fe 
 aCe ¼ 0: ðA:8Þ
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Appendix C. Requirement for the w function in the

framework assuming two regions with different but

unchanging volumes

Consider the situation illustrated in Fig. 2, where the
two unequal volumes are Vcyt and Vmem, and component
P transfers from Vcyt to Vmem, where it becomes
component Pmem according to the elementary mono-
molecular reaction

P
!
ki

Pmem: (A.9)

In accordance with the law of mass-action, the incre-
mental change of P molecules in the cytoplasm is

dnP ¼ 
kiPV cyt dt: (A.10)

The law of conservation of matter requires that the
incremental change of Pmem molecules in the membrane
must be

dnPmem ¼ 
dnP ¼ kiPV cyt dt: (A.11)

Dividing both sides of (A.11) by Vmem and recalling that
volumes are constant gives

dPmem

dt
¼

1

Vmem

dnPmem

dt

¼ 

1

V mem

dnP

dt
¼ ki�P�

V cyt

V mem

¼ Ri

1

w
; ðA:12Þ

where w is defined by

w ¼
V mem

Vcyt

: (A.13)

We remark that, from (A.10),

dP

dt
¼

1

Vcyt

dnP

dt
¼ 
ki P (A.14)

Similarly, if the reverse reaction outcome of Pmem is
defined by Riþ1; then

dPmem

dt
¼

1

V mem

dnPmem

dt
¼ 
Riþ1 (A.15)

and

dP

dt
¼

1

Vcyt

dnP

dt
¼ wRiþ1: (A.16)
Appendix D. Derivation for the framework assuming two

adjoining regions (Vcyt and Vmem) in which volumes differ

and vary with time

Under the assumptions of this framework, chemical
interactions of the components of the system can be
modeled with differential equations given by

dCi

dt
¼ FiðC ; k; wÞ 


Ci

V cyt

dVcyt

dt

for 1pipq;

dCi

dt
¼ FiðC ; k; wÞ 


Ci

V mem

dV mem

dt

for q þ 1pipm: ðA:17Þ

The time-dependence of Vmem is given by

dV mem

dt
¼ V 0

memðV cytÞ
dV cyt

dt

¼ V 0
memðV cytÞaðC ;k; wÞVcyt: ðA:18Þ

Combining this information in (A.17) we obtain
the coupled system (17) where a is determined by
(10c), and

HðV cytÞ ¼
V 0

memðVcytÞ

VmemðVcytÞ
Vcyt

¼
V 0

memðtÞ=V memðtÞ

V 0
cytðtÞ=V cytðtÞ

¼
dðlnðV memÞÞ

dðlnðVcytÞÞ
: ðA:19Þ
Appendix E. Periodicity of H(Vcyt)

The function H(Vcyt) given in (18) is 2x-periodic; that is,
H(2x) is a periodic function with period 1. Furthermore,
H(Vcyt) is constant if and only if VmemðVcytÞ ¼

V memð1Þ�V cyt:
The first statement follows from the last part of

Eq. (A.19) since

HðV cyt�2
xÞ ¼

dðlnðV mem�2
xÞÞ

dðlnðV cyt�2
xÞÞ

¼
dðlnðV memÞ þ lnð2

xÞÞ

dðlnðV cytÞ þ lnð2
xÞÞ

¼
dðlnðV memÞÞ

dðlnðV cytÞÞ
¼ HðV cytÞ: ðA:20Þ

Now assume H(Vcyt) is a constant function with
H(Vcyt)=c. Then using the logarithmic equation for
H(Vcyt), we obtain

V memðV cytÞ ¼ V memð1Þ�ðV cytÞ
c: (A.21)

To find the constant c we use the native assumption that
the membrane volume is doubled at the end of the cell
cycle, so that Vmem(2)=2Vmem(1). Substituting (A.21) in
this expression gives c ¼ 1:Hence, the second part of the
statement follows from the first. In the opposite
direction, direct substitution of VmemðVcytÞ ¼ Vmemð1Þ�
V cyt shows H(Vcyt) is constant.
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Appendix F. Average values of H(Vcyt) and w throughout

the cell cycle

Using definition (A.19) and (13) the average values
of H(Vcyt(t)) and wðVcytðtÞÞ over the interval ½0; t� are
given by

�H ¼
1

t

Z t

0

HðV cytðtÞÞ dt

¼
1

t

Z t

0

V 0
memðV cytðtÞÞ

V memðV cytðtÞÞ

V cytðtÞ 
 V memðV cytðtÞÞ

1
 V 0
memðV cytðtÞÞ

dt

¼
1

t

Z t

0

d

dt
lnðV memðV cytðtÞÞÞ

VcytðtÞ

V 0
cytðtÞ

dt

¼
1

ln 2
ln

V memðtÞ
Vmemð0Þ


 �
¼ 1 ðA:22Þ

and

�w ¼
1

t

Z t

0

wðVcytðtÞÞ dt

¼
1

t

Z t

0

V memðV cytðtÞÞ

V cytðtÞ
dt

¼
1

t

Z t

0

V memðV cytðtÞÞ

V cytðtÞ
dV cyt

dt

dVcyt

¼
1

ln 2

Z 2

1

VmemðVcytÞ

ðVcytÞ
2

dVcyt: ðA:23Þ

Appendix G. Eigenvalues of the Jacobian Matrix

associated with the idealized steady state of (21)
Theorem. If ~C is an idealized steady state of the system

(21) associated with a given vector k, and Jð ~C ; kÞ is the

Jacobian with respect to C evaluated at ~C and k, then


 lnð2Þ=t is an eigenvalue of Jð ~C ;kÞ:

Proof. Linearizing the concentration portion of (21)
about an idealized steady state ~C leads to the system
x0ðtÞ ¼ AxðtÞ where the matrix A is given by computing
the derivative DCðF ðC; k; wÞ 
 aðC; k; wÞCÞ (where DC

denotes differentiation with respect to C) and evaluating
this derivative at C ¼ ~C: If we use Iq to denote the q � q

identity matrix, and I to denote the m � m identity
matrix, then A can be written in the form

A ¼

Iq 
 ~C1;q
RT

p
1q


 �
DCf ð ~C; kÞ

DCgð ~C; kÞ 
 ~Cqþ1;m
RT

p
1qDCf ð ~C; kÞ

0
BB@

1
CCA


 að ~C; k; wÞ I ;

where ~Ci;j is a ðj 
 iÞ � 1 column matrix consisting of
the components i through j of ~C; 1q is a 1� q row matrix
consisting entirely of 1’s, and f and g denote components
1 through q and q+1 through m of F, respectively. Now,
denote ~a ¼ að ~C; k; wÞ ¼ lnð2Þ
t : Then 
~a is an eigenvalue of

A if and only if 0 is an eigenvalue of the matrix

A þ ~aI ¼

Iq 
 ~C1;q
RT

p
1q


 �
DCf ð ~C; kÞ

DCgð ~C; kÞ 
 ~Cqþ1;m
RT

p
1qDCf ð ~C; kÞ

0
BB@

1
CCA:

However, an m � m matrix B has the eigenvalue 0 if
and only if there is a non-zero 1� m row vector v so that
vB is the 1� m row vector 0 0 � � � 0

� �
: The

requirement that
Pq

i¼1
~Ci ¼ p=RGT implies

1q Iq 
 ~C
RGT

p
1q


 �
¼ 1q 


Xm

i¼1

~Ci

RGT

p
1q

 !

¼ ð1q 
 1qÞ

¼ ½ 0 0 � � � 0 �1�q:

As a result, if v is the row vector whose first q entries
are 1 and whose last m–q entries are 0, then

vðA þ ~aIÞ ¼ ½ 0 0 � � � 0 �1�m:

Therefore, 
~a is an eigenvalue of A.
Appendix H. Derivation of the S(Vcyt)function

Prior to the start of the division process,

V cyt ¼
4

3
pr3 (A.24)

and

SðVcytÞ ¼ 4pr2 ¼ ð36pÞ1=3V 2=3
cyt : (A.25)

Formulas for Vcyt and S(Vcyt) (once constriction has
started) are

V cyt ¼
4

3
pr3 þ

2p
3
ð2r2 þ b2Þðr2 
 b2Þ1=2

S ¼ 4pr2 1þ
ðr2 
 b2Þ1=2

r

 !
: ðA:26Þ

Consequently, knowledge of Vcyt is not sufficient to
determine S without additional information. To over-
come this difficulty, we propose a simplifying assump-
tion. Note that based upon the growth assumptions
above, if the cell is always growing and cell replication
always takes place in the same manner, then S(Vcyt)/Vcyt

will be a 2x-periodic function of Vcyt. We know both S

and Vcyt during the growth phase, and from above

SðVcytÞ

V cyt

¼
3

r
¼

3

ðð3=4pÞV cytÞ
1=3

for 1pV cytp1:8: ðA:27Þ

To obtain a definition on the entire interval 1pV cytp2
(and hence for all Vcyt) we assume that S(Vcyt) is a
smooth function for 1pV cytp2 doubling at the end of
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the cell cycle, such that 2 �SðV cyt ¼ 1Þ ¼ SðVcyt ¼ 2Þ
and S0ðV cyt ¼ 1Þ ¼ S0ðVcyt ¼ 2Þ: These requirements are
sufficient to determine a cubic expression for
SðV cytÞ=V cyt and VmemðVcytÞ given in (22) and (23).
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Fig. 7. Analysis of model with first-order Pmem dependence. Solid lines

are concentration time-profiles for designated components (and for the

product wPmem), obtained by numerical simulation of ODE system (27)

for 10 cell cycles, using the idealized steady-state values given in text.

Rate constants were those of (31) except for k1 which equaled 1:24�
10
6 mM
1min
1:
Appendix I. Why R1 is second-order in Pmem in our model

Rate R1 was initially first-order in Pmem, as this is
simpler and more intuitive. However, the system
exhibited ‘‘mixed’’ steady-state/periodic behavior, with
all cytoplasm components at steady state and the
membrane component Pmem oscillating in a stable orbit
(Fig. 7). Further investigation indicates that system (17)
can approach a mixed steady-state solution if the
following conditions are satisfied:
(C1) The terms (M1)ijRj(C,k) do not depend upon

Cq+1,...,Cm when 1pipq; the terms (M1)ijRj(C,k) do

not depend upon C1,...,Cq when q þ 1pipm; and the

terms (M2)ijRj(C,k) do not depend upon Cq+1,...,Cm when

q þ 1pipm;
This is a mathematical formulation of the statement

that uniregional reactions depend only on concentration
of the reagents in this particular region (the order of
these reactions is arbitrary).
(C2) For each 1pipq and 1pjps there is a function

gijðC1; :::;CqÞ and a number k(i,j) so that q þ

1pkði; jÞpm and ðM2ÞijRjðC ;kÞ ¼ gijðC1; . . . ;CqÞCkði;jÞ;
This statement means that all interregional reactions

producing cytoplasmic components (for example, reac-
tions 1 and 5 in the model) are first-order in respect to all
reagents located in membrane.
(C3) For each q þ 1pipm and 1pjps there is a

constant Lij and a number h(i,j) so that q þ 1phði; jÞpm

and ðM1ÞijRjðC ;kÞ ¼ bijChði;jÞ;
This condition states that all reactions within the

membrane are first-order reactions and do not lead to
changes of membrane components.

Theorem. If conditions C1, C2 and C3 are satisfied, then

the system (17) can be rewritten in terms of Ci(t) for

1pipq and wðtÞCiðtÞ ¼ constðtÞ for q þ 1pipm; with

the ODEs for these elements independent of Vmem and

Vcyt. As such, any stable constant steady state of this

system resulting in growing Vcyt will result in solutions to

(17) which are constant in Ci(t) for 1pipq and periodic

in CiðtÞ ¼ constðtÞ for q þ 1pipm:

Proof. The ODE system (17) can be written in three
pieces as

dCi

dt
¼
Xs

j¼1

ððM1Þij þ wðV cytÞðM2ÞijÞRiðC ; kÞ


 aðC ;k; wÞCi for 1pipq; ðA:28Þ
dCi

dt
¼
Xs

j¼1

ðM1Þij þ
1

wðV cytÞ
ðM2Þij


 �
RiðC ; kÞ



V 0

memðV cytÞ

wðVcytÞ
aðC ;k; wÞCi for qoipm; ðA:29Þ

and

dV cyt

dt
¼ aðC ;k; wÞ (A.30)

The assumptions of the theorem allow us to rewrite
(A.28) and (A.29) in the form

dCi

dt
¼ f iðC1; :::;CqÞ þ

Xs

j¼1

wðV cytÞgijðC1; :::;Cq; kÞ

�Clði;gÞ 
 aðC ;k; wÞCi for 1pipq ðA:31Þ

and

dCi

dt
¼
Xs

j¼1

bijChði;jÞ þ
1

wðVcytÞ
GiðC1; :::;CqÞ



V 0

memðV cytÞ

wðVcytÞ
aðC ;k; wÞCi for qoipm: ðA:32Þ
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In addition,

aðC ; k; wÞ ¼
Xq

j¼1

f iðC1; :::;CqÞ

þ
Xs

j¼1

wðV cytÞgijðC1; :::;Cq; kÞClði;gÞ: ðA:33Þ

Now, define

Ui ¼ wðV cytÞCi for q þ 1pipm: (A.34)

Combining (A.33) and (A.34) gives

aðC ; k; wÞ ¼
Xq

j¼1

f iðC1; :::;CqÞ

þ
Xs

j¼1

gijðC1; :::;Cq; kÞUlði;gÞ

¼ ~~aðC1; :::;Cq;Uqþ1; :::;Um; kÞ: ðA:35Þ

We note here that a does not depend explicitly on w; and
we leave off its dependence upon the remaining variables
for further simplicity. Substitution of (A.34) and (A.35)
in (A.31) results in

dCi

dt
¼ f iðC1; :::;CqÞ þ

Xs

j¼1

gijðC1; :::;Cq; kÞUlði;gÞ


 aCi for 1pipq: ðA:36Þ

Now, note that

dUi

dt
¼ wðVcytÞ

dCi

dt
þ Ci

dwðVcytÞ

dt

for q þ 1pipm: ðA:37Þ

From (A.32)

w
dCi

dt
¼
Xs

j¼1

bijUhði;jÞ þ GiðC1; :::;CqÞ


 V 0
memðV cytÞaCi for q þ 1pipm ðA:38Þ

and from (A.30)

Ci

dwðV cytÞ

dt

¼ Ci

V cytV
0
memðV cytÞ 
 VmemðVcytÞ

V2
cyt

dVcyt

dt

¼ Ci

V cytV
0
memðV cytÞ 
 VmemðVcytÞ

V2
cyt

aV

¼ V 0
memðV cytÞaCi 
 aUi: ðA:39Þ

Substitute (A.38) and (A.39) in (A.37) gives

dUi

dt
¼
Xs

j¼1

bijUhði;jÞ þ GiðC1; :::;CqÞ 
 aUi

for q þ 1pipm: ðA:40Þ

As a result, (A.36) and (A.40) constitute a system of
differential equations which is independent of Vcyt. Any
asymptotically stable steady-state solution of this system
will give rise to a positive constant value for a: At this
value, we will have

V cyt ¼ V cyt0 expðatÞ: (A.41)

Across the doubling time t of Vcyt(t), the entire
mechanism will give rise to time periodic solutions to
(27) which are constant in C1; :::;Cq and non-constant in
Cqþ1; :::;Cm; but constant in Uqþ1; :::;Um:
The basic reason for the observed ‘‘mixed’’ behavior

of the system can be seen by noting that the product of
Pmem and w also exhibits steady-state behavior. Rela-
tionship (13) shows that this product is equal to the
Pmem concentration with respect to Vcyt[units] (which we
call Pmem

C ) rather than to Vmem[units].

wPmem ¼
Vmem½units�

V cyt½units�

nPmem

V mem½units�

¼
nPmem

Vcyt½units�

¼ PC
mem: ðA:42Þ

Hence the Pmem component does not oscillate when its
concentration is defined relative to cytoplasm volume—
i.e. the volume in which it is not located (but in which all
the other components are located).

That the cytoplasmic components could achieve
steady-state in this case is also comprehensible, in that
the rate of N import and conversion toM (and hence the
rate at which the feedstock for P and G are generated) is
proportional to the Pmem

C concentration. Thus both
cytoplasm and membrane components can be at steady
state because moles of each component can grow at the
same rate at which Vcyt grows; the matching of rates is
oblivious to how Vmem changes. Thus, Pmem is ‘‘tied’’ to
the cytoplasmic components in terms of its behavior
even though it is located in another volume. This
behavior of the solution for the system (17) will appear
in all cases if the import of nutrients catalysed by Pmem is
first order, and incorporating of P into membrane
(P ! Pmem) (and the reverse process) is a non-auto-
catalytic reaction. In summary, we chose the model with
second-order dependence to avoid explaining these
complexities and thus detracting from the purpose of
the model—namely to illustrate the properties of our
modeling framework.
Appendix J. Relationship between dimensioned and

dimensionless parameters

For the newborn cell cytoplasm volume in some units
(e.g. liters) will be called Vcyt0[units], while at any other
time during the cell division cycle, this volume will be
called Vcyt[units]. Dimensionless or reduced cytoplasm
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volume Vcyt is defined as

V cyt ¼
V cyt½units�

V cyt0½units�

: (A.43)

Similar relationships for surface area S and radius r are

S ¼
S½units�

S0½units�

;

r ¼
r½units�

r0½units�

: ðA:44Þ

For the spherical cell assumed here, Vcyt, S and r are
changing from the beginning to the end of the cell cycle,
taking values in the approximate ranges given below:

1:00pVcytp2:00;
4:84pSp7:68;
0:62prp0:78: ðA:45Þ

Once Vcyt0[units], S0[units] and r0[units] are specified, multi-
plication by the corresponding reduced parameters
affords absolute concentrations at any point of the cell
cycle.
Appendix K. Matrix representation for the system (27) in

illustrative analysis

For the assumed reaction network, the ODEs
describing the model of the cell can be written by
combining (27) and (28) as

dM

dt
¼ wðV cytÞk1N P2mem


 k2MG 
 k3MP 
 aðC ;k; wÞM ;

dG

dt
¼ k2MP 
 aðC ;k; wÞG;

dP

dt
¼ k3MG 
 k4P þ wðV cytÞk5Pmem


 aðC ;k; wÞP;

dPmem

dt
¼

1

wðV cytÞ
k4P 
 k5Pmem


 HðVcytÞaðC ;k; wÞPmem;

dV cyt

dt
¼ aðC ;k; wÞVcyt: ðA:46Þ

In this case, the concentration vector C defined by (24) is
given by

C ¼ ½M G P Pmem�
T

¼
nM

Vcyt½units�

nG

Vcyt½units�

nP

Vcyt½units�

nPmem

V mem½units�

� �T
: ðA:47Þ

The first three components C are localized in the
cytoplasm, whereas the fourth is localized in the
membrane. The reaction rate vector R is

R ¼ ½R1 R2 R3 R4 R5�
T

¼ k1P
2
memN k2MP k3MG k4P k5Pmem

� �T
: ðA:48Þ

Now we represented (27) and (28) in the matrix-form
(15)

Z
dn

dt
¼ FðC ; k; wÞ

¼ ðM1 þ YM2ÞRðC ;k; wÞ; ðA:49Þ

where

Z ¼

1=V cyt 0 0 0

0 1=V cyt 0 0

0 0 1=V cyt 0

0 0 0 1=Vmem

2
6664

3
7775 (A.50)

is a 4� 4 matrix defined in accordance with the order
assumed in (A.46), and Y is a diagonal 4� 4 matrix
represented by

Y ¼

w 0 0 0

0 w 0 0

0 0 w 0

0 0 0 1=w

2
6664

3
7775: (A.51)

The 4� 5 matrix M1 must include the stoichiometric
coefficients for all uniregional reactions and the
stoichiometric coefficients for the reactants of the
interregional reactions (for P in the case of R4 and
Pmem in the case of R5). This gives

M1 ¼

0 
1 
1 0 0

0 1 0 0 0

0 0 1 
1 0

0 0 0 0 
1

2
6664

3
7775: (A.52)

Similarly, the matrix M2 is given by

M2 ¼

1 0 0 0 0

0 0 0 0 0

0 0 0 0 1

0 0 0 1 0

2
6664

3
7775: (A.53)
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